
Experimental Analysis of EM and MU Algorithms
for Optimizing Full-rank Spatial Covariance Model

Hiroshi Sawada, Rintaro Ikeshita, and Tomohiro Nakatani
NTT Communication Science Laboratories, NTT Corporation, Kyoto, Japan

Abstract—Full-rank spatial covariance analysis (FCA) is based
on a flexible source model, and achieves high-quality results
for blind source separation. An expectation-maximization (EM)
algorithm as well as a multiplicative update (MU) algorithm are
known to optimize the FCA model parameters. In this paper, we
first investigate the behaviors of both algorithms. We observed
that the MU algorithm minimizes the FCA objective function
faster than the EM algorithm, but the separation performance
at the converged point is better by the EM algorithm than the
MU algorithm. We found that the MU algorithm tends to push
the covariance matrices towards rank deficient. To mitigate this
tendency, we propose a modified FCA model where the tempo-
ral parameters are shared within a time block. Experimental
results show that the modified model provides better separation
performance not only by the MU algorithm but also by the EM
algorithm.

Index Terms—blind source separation (BSS), full-rank spatial
covariance analysis (FCA), expectation-maximization (EM) algo-
rithm, multiplicative update (MU) algorithm, rank deficient

I. INTRODUCTION

Blind source separation (BSS) has been studied for several
decades [1–5] with inventing various methods. Independent
component analysis (ICA) [2] is a well-established method in
which the mixing system is assumed to be invertible. Full-
rank spatial covariance analysis (FCA) [6, 7], on the other
hand, models a more flexible mixing system than ICA does.
The most crucial difference is that FCA can be applied to
an underdetermined case where the number N of sources is
larger than the number M of sensors (e.g., microphones in
audio cases) while ICA cannot be because of the invertible
assumption. FCA has several merits over ICA thanks to the
flexibility.

An expectation-maximization (EM) algorithm [6, 7] and
a multiplicative update (MU) algorithm [8–10] have been
proposed for FCA. In both algorithms, the demanding compu-
tation for calculating many inverse matrices is a practical issue.
Recently, two methods have been proposed to solve this issue.
The first one [10–12] assumes that all the spatial covariance
matrices can be jointly diagonalized. This assumption exactly
holds when N = 2, but approximates the mixing model
for a larger number N ≥ 3 of sources. The second one
[13] accelerates the computation by using single-instruction-
multiple-data (SIMD) instructions executed on a graphics
processing unit (GPU). Either of these two makes FCA easier
to employ in a practical BSS task than before.

Real-world audio BSS tasks deal with convolutive mix-
tures with delays and reverberations. For efficient computa-
tion, the time-domain mixtures are typically transformed into

frequency-domain time-series mixtures by using a short-time
Fourier transform (STFT). There are two distinct approaches
for frequency-domain BSS. The first one is a narrowband
approach where all the model parameters are disjoint among
different frequency bins. Post-processing is needed to align
the permutation ambiguities that occurred in the BSS prob-
lem [14]. The original ICA and FCA are classified here. The
second one is a broadband approach in which some model
parameters are shared among frequency bins. Permutation
ambiguities are expected to automatically align thanks to the
shared parameters. As ICA has been extended to independent
vector analysis (IVA) [15, 16] and others [17], FCA has also
been extended to richer models [8, 18–22] in a broadband
approach.

In this paper, we study the behaviors of the EM and MU
algorithms for FCA in a narrowband approach, which attains
good separations for speech mixtures by the post-processing
permutation alignment [14]. Regarding the above-mentioned
methods for computational efficiency, we employ the second
one [13] to examine the model parameters precisely without
approximation. In Sect. III, we focus on the rank-deficient
problem of spatial covariance matrices frequently caused by
the MU algorithm. We then propose a modified model and
algorithms in Sect. IV to mitigate the rank-deficient problem.
Experimental results show that the modified model contributes
to better separation performance with both EM and MU
algorithms.

II. FULL-RANK SPATIAL COVARIANCE ANALYSIS

A. Model and objective function

Suppose that n = 1, . . . , N sources are mixed and observed
at m = 1, . . . ,M sensors. Let the sensor observations at time
frame t and frequency bin f , t = 1, . . . , T and f = 1, . . . , F ,
be denoted by an M -dimensional complex vector xtf ∈ CM

with xtf = [x1tf , . . . , xMtf ]
T. In FCA, a mixture vector xtf

follows a zero-mean multivariate complex Gaussian distribu-
tion (·∗ denotes the Hermitian transpose of a vector)

p(xtf | 0, X̂tf ) ∝
1

det X̂tf

exp
(
−x∗tf X̂−1tf xtf

)
(1)

with a covariance matrix

X̂tf =
∑N

n=1 vntfAnf + ε I , (2)

where Anf is a spatial covariance matrix that encodes the time-
invariant spatial property from source n to all M sensors and
is assumed to be Hermitian and positive definite. A positive
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scalar vntf represents the temporal power of source n at time
frame t. The last term ε I can be regarded as that of background
noise and contributes to keeping X̂tf full-rank, where I is
an identity matrix and ε is a very small positive number,
e.g., 10−12 that is slightly larger than the machine epsilon
2.2204× 10−16 for a double-precision floating-point number.
The parameters for frequency bin f are summarized as

θf = {Anf , {vntf}Tt=1}Nn=1 , (3)

and optimized independently for each frequency bin.
The parameters θf can be optimized in a maximum like-

lihood sense, equivalently by minimizing the negative log-
likelihood C(θf ) = − log p({xtf}Tt=1 | θf ). We assume that
the likelihood is decomposed into those of each time frame as

p({xtf}Tt=1 | θf ) =
∏T

t=1 p(xtf | 0, X̂tf ) . (4)

Consequently, we have the objective functions to be minimized

C(θf ) =
∑T

t=1

[
x∗tf X̂

−1
tf xtf + log det X̂tf

]
(5)

with (2) and (3).

B. Expectation-Maximization (EM) algorithm

The objective function (5) can be minimized by an EM
algorithm [6, 7], where the observation vector xtf is expressed
as a summation

xtf =
∑N

n=1 yntf (6)

of latent variables {yntf}Nn=1. The EM algorithm iterates the
following E-step and M-step for a convergence.

E-step calculates the conditional expectations E[yntfy
∗
ntf |

xtf , θ] of the outer product of latent vectors yntf as

Ỹntf = Ŷntf + Ŷntf

(
X̂−1tf xtfx

∗
tf X̂
−1
tf − X̂−1tf

)
Ŷntf , (7)

where Ŷntf is the n-th source component of X̂tf and defined
as Ŷntf = vntfAnf .

M-step updates the model parameters by

vntf ← max

(
1

M
tr
(
A−1nf Ỹntf

)
, ε

)
, (8)

Anf ←
1

T

T∑
t=1

1

vntf
Ỹntf + ε I . (9)

In (8) and (9) together with upcoming (10) and (11), the ε-
terms are used for ensuring the positivity of v and the positive
definiteness of A.

C. Multiplicative Update (MU) algorithm

The objective function (5) can also be minimized by mul-
tiplicative update rules [8–10], which are popularly used for
nonnegative matrix factorization (NMF) [23, 24]. Actually, the
FCA model can be regarded as a special case of multichannel
Itakura-Saito NMF [8].

The MU algorithm iterates the following V-update and A-
update for a convergence.
V-update

vntf ← max

vntf
√√√√ x∗tf X̂

−1
tf Anf X̂

−1
tf xtf

max(tr(X̂−1tf Anf ), ε)
, ε

 (10)

A-update
Anf ← F−1#(AnfGAnf ) + ε I , (11)

where # calculates the geometric mean [25, 26]

B#C = B
1
2

(
B−

1
2CB−

1
2

) 1
2

B
1
2 (12)

of two positive definite matrices. The matrices F and G are
defined as

F =
∑T

t=1 vntf X̂
−1
tf , G =

∑T
t=1 vntf X̂

−1
tf xtfx

∗
tf X̂
−1
tf . (13)

Regarding the geometric mean calculation, the Cholesky-
Schur method in [25] is employed in this paper for ensuring
the resultant Anf to be Hermitian.

D. Initialization of parameters

Before performing the EM or MU algorithm, the parameters
{θf}Ff=1 should be initialized. In the experiments explained
in the following sections, the covariance matrices Anf were
initialized by the online clustering-based method [13] that
provides us with a good initialization. The temporal powers
were initialized as vntf = 1.

E. Source separation

Once the parameters θf are optimized, separated signals are
obtained typically by the multichannel Wiener filter as

ỹntf = E[yntf | xtf , θf ] = Ŷntf X̂
−1
tf xtf . (14)

III. ALGORITHM BEHAVIORS

In this section, we study the behaviors of the EM and MU
algorithms for FCA. One actual experimental example is taken
based on the experimental conditions explained in Sect. V.
Specifically, the number N of sources was two, and the room
reverberation time was 270 ms.

A. Convergence and separation performance

Figure 1 shows a typical example of how the EM and
MU algorithms behave for FCA. Generally, the MU algorithm
minimizes the objective function faster than the EM algorithm.
With enough number of iterations, e.g., 100, both algorithms
converge to similar objective function values. Such behaviors
have been recognized, especially in the multichannel NMF [8].
On the other hand, the separation performances measured in
signal-to-distortion ratios (SDRs) [27] tend to be higher by the
EM algorithm than by the MU algorithm, even if the objective
function values are similar. This tendency might be specific to
FCA and have not been well recognized in FCA extensions to
richer models [8, 18–22].
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Fig. 1. Convergence examples of the EM and MU algorithms. (a) The
EM algorithm converged slower than the MU algorithm. (b) The separation
performance measured in signal-to-distortion ratios (SDRs) [27]. The MU
algorithm improved SDRs rapidly but hit the ceiling at around 10 dB. The
EM algorithm improved SDRs slowly and eventually reached a higher SDR
value than that of the MU algorithm.
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Fig. 2. (continued from Fig. 1) (a) The objective function values are
decomposed into the x∗

tf X̂
−1
tf xtf terms (’+’) and the log det X̂tf terms (’*’).

The fast convergence of the MU algorithm attained by the fast minimization
of the log det X̂tf terms.

B. Rank deficiency

To study the reason for the tendency mentioned above,
we display the objective functions separately in Fig. 2. We
notice that the log det X̂tf terms of the objective function
(5) were minimized faster by the MU algorithm than by the
EM algorithm. Minimization of log det X̂tf favors X̂tf to be
rank deficient. When X̂tf is modeled with a plenty number of
parameters and can be optimized without any restriction, it is
natural that X̂tf changes towards rank deficient because X̂tf

is responsible for only one observation xtf whose covariance
matrix is rank-1. The FCA model (2) falls into such a case
because there are too many parameters N · T +N ·M2/2 for
T ·M observations of each frequency bin f . In contrast to this,
the aforementioned FCA extensions [8, 18–22] do not exhibit
such rank deficiency because the parameters are structurally
shared.

Fig. 3. Distributions of the condition numbers of matrices Anf as the iteration
went on. Upper: the original model (2). Lower: the modified model (15). The
vertical axis represents the number of matrices whose condition numbers fall
into the ranges shown in the legend.

We then examined how the spatial covariance matrices Anf

changed as iterations went on by looking at the distributions of
matrix condition numbers. The upper half of Fig. 3 shows that
the MU algorithm pushed a large portion of the Anf matrices
towards rank deficient with large condition numbers. On the
other hand, the EM algorithm kept them stable with moderate
condition numbers. Such situations might explain the EM and
MU algorithms’ behaviors regarding the minimization of the
log det X̂tf terms.

IV. MODIFIED MODEL AND ALGORITHMS

In this section, we propose a modified model for FCA
to mitigate the tendency towards rank deficient. Based on
the previous section’s discussion, one approach is to impose
some restrictions on the model. We here propose to share the
parameters along the time axis. Thus the number of parameters
is reduced from (2). Let the total T time frames are partitioned⋃B

b=1 Tb = {1, . . . , T} into B time blocks Tb, b = 1, . . . , B.
In the modified model, the temporal power vnbf of source n
should be the same in a time block b :

X̂tf =
∑N

n=1 vnbfAnf + ε I , t ∈ Tb . (15)

The EM and MU algorithms are easily modified to reflect this
model modification from (2) to (15). In the EM algorithm, E-
step calculates (7) with Ŷntf = vnbfAnf , t ∈ Tb, and M-step
updates the parameters by

vnbf ← max

(
1

M · |Tb|
∑
t∈Tb

tr
(
A−1nf Ỹntf

)
, ε

)
, (16)

Anf ←
1

T

T∑
t=1

1

vnbf
Ỹntf + ε I . (17)
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Fig. 4. Temporal powers vntf (original) and vnbf (modified, |Tb| = 5) of
two sources optimized by the MU algorithm with 100 iterations for some
frequency bin f .
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Fig. 5. (compared with Fig. 1 (b)) The separation performance by the modified
EM and MU algorithms with |Tb| = 5. Both EM and MU algorithm attained
higher SDR values than the original ones.

The MU algorithm is described by V-update

vnbf ← max

vnbf
√√√√ ∑

t∈Tb x
∗
tf X̂
−1
tf Anf X̂

−1
tf xtf

max(
∑

t∈Tb tr(X̂
−1
tf Anf ), ε)

, ε


(18)

and A-update (11) with

F =
∑T

t=1 vnbf X̂
−1
tf , G =

∑T
t=1 vnbf X̂

−1
tf xtfx

∗
tf X̂
−1
tf . (19)

For (17) and (19), in the summation from t = 1 to T , the
index b is specified so that t ∈ Tb.

Figure 4 shows examples of converged temporal powers
vntf and vnbf . In the original case with (2), the temporal
powers took various values and some went down to the floor
ε = 10−12. In the modified case with (15), the temporal powers
were averaged within a block of size 5. The lower half of
Fig. 3 shows that the condition numbers became stable with
the modified model (15) even when the MU algorithm was
employed. Figure 5 shows that the separation performances
for the same mixtures with those of Fig. 1 were considerably
improved by the modified EM and MU algorithms.

Empirically speaking, the modified EM or MU algorithm
itself was effective for cases with enough number M ≥ N of
sensors. However, for underdetermined cases M < N , time-
invariant parameters vnbf within a block were not optimal.
Therefore, we further update the vntf parameters by the
original EM (8) or MU (10) algorithm with several iterations
while keeping the Anf parameters unchanged.

Distance: 120cm

Loudspeakers

Microphones 70°

150°

245°

315°

Room size: 4.45 × 3.55 × 2.5 m

Height of microphones and loudspeakers: 120 cm

Fig. 6. Experimental setup

TABLE I
COMPUTATIONAL TIME (IN SECONDS) FOR 6-SECOND SPEECH MIXTURES

N = 2 N = 3 N = 4

EM 5.15 5.72 7.04
MU 6.46 7.57 9.29

V. EXPERIMENTS

We performed experiments to separate from two to four
speech sources (N = 2, 3, 4) with three microphones (M =
3). We measured the impulse responses from the sources (the
loudspeakers) to the microphones under the room conditions
shown in Fig. 6. The room reverberation time was varied from
130 ms to 450 ms. The mixtures at the microphones were
constructed by convolving the impulse responses and 6-second
English speech sources. No noise was added to the mixtures.
The sampling frequency was 8 kHz. The frame width and shift
of STFT were 128 ms and 32 ms, respectively. Consequently,
the numbers of time frames and frequency bins were T = 201
and F = 513, respectively.

For N = 2, 3 (≤M ) sources, the modified model (15) was
optimized with EM or MU 90 iterations. For N = 4 (> M )
sources, (15) was optimized with 90 EM or MU iterations and
then the vntf parameters were updated by the original EM (8)
or MU (10) algorithm with 10 iterations while keeping the
Anf parameters unchanged. The algorithms were coded with
Matlab R2019b and run on an Intel Core i7-8700K (3.70GHz)
processor together with GeForce GTX 1080 Ti as a GPU.
Table I shows that the computational times were practical with
the help of the GPU.

Figure 7 reports how the modified model (15) contributed to
better BSS results. We observe that the modification generally
improved the results compared to the original model (2), which
corresponds to the one with block size |Tb| = 1. Although
we intended to solve the rank deficient problem of the MU
algorithm, both EM and MU algorithms improved the results,
especially for the N = 2 cases. We observe that the block size
of |Tb| = 5 is an appropriate choice for all the cases.

Figure 8 shows the separation results for N = 4 sources
with M = 3 microphones under various room reverberation
times. The modified EM and MU algorithms improved the
results in almost every reverberant condition over the existing
algorithms EM (1) and MU (1).
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Fig. 7. Source separation performance by the modified EM and MU
algorithms. The horizontal axis shows the block size |Tb|, and |Tb| = 1
corresponds to the original model (2). SDRs are averaged over eight combi-
nations of sources. The room reverberation time was 270 ms.
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Fig. 8. Results for separating N = 4 sources under various room reverber-
ation times. The numbers 1 or 5 in the parentheses indicate the block size
|Tb|. Therefore, EM (5) and MU (5) correspond to the modified algorithms.
SDRs are averaged over eight combinations of sources.

VI. CONCLUSION

In this paper, we examined the behaviors of the EM and MU
algorithms for FCA. We found that the rank deficient problem
occurred with the MU algorithm. To solve this problem, we
have modified the FCA model so that the parameters regarding
temporal powers are shared in a time block. Experimental
results show that the modified model led to better separation
performance by both algorithms. However, still the EM algo-
rithm generally performs better than the MU algorithm. For
further investigation, more experiences by various researchers
would be desired.
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