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Abstract—Graph Signal Processing (GSP) addresses the anal-
ysis of data living on an irregular domain which can be modeled
with a graph. This capability is of great interest for the study of
brain connectomes. In this case, data lying on the nodes of the
graph are considered as signals (e.g., fMRI time-series) that have
a strong dependency on the graph topology (e.g., brain structural
connectivity). In this paper, we adopt GSP tools to build features
related to the frequency content of the signals. To make these
features highly discriminative, we apply an extension of the
Fukunaga-Koontz transform. We then use these new features
to train a decision tree for the prediction of autism spectrum
disorder. Interestingly, our framework outperforms state-of-the-
art methods on the publicly available ABIDE dataset.

Index Terms—Graph signal processing; machine learning;
explainability; decision trees; functional MRI; autism spectrum
disorder.

I. INTRODUCTION

Despite medical progress, Autism Spectrum Disorder (ASD)
remains subject to the absence of a recognized etiology.
Research continues in quest of explanatory biomarkers that
would help for early diagnosis. In this respect, modern data-
driven techniques are expected to shed light on interpretable
patterns that capture the complexity of this neuropathology [1].

Brain connectivity has been exhaustively explored in an
attempt to better understand ASD [2], [3]. This measure of
interaction is usually studied from a functional or a structural
perspective. Functional Connectivity (FC) typically derives
from the correlation of signals such as Blood-Oxygen-Level
Dependent (BOLD) ones, measured by resting-state functional
Magnetic Resonance imaging (rs-fMRI). Structural Connectiv-
ity (SC) is related to the detection of white matter pathways,
tracked, for example, by diffusion tensor imaging. Both FC
and SC can be analyzed through data mining to reveal ASD-
related organizing principles of the brain, e.g., [4], [5].

Given the complex nature of the brain and the paramount
importance of both FC and SC, in this work, we associate
both information for the extraction of discriminative features.
Towards this goal, we borrow tools from Graph Signal Pro-
cessing (GSP) [6]. GSP allows to integrate both structural and
functional brain data by studying the interplay between graphs
and signals on graphs. Currently, it has been successfully used
for the study of cognitive flexibility [7] and motor skill [8].

In this work, our goal is to classify ASD from neurotypical
subjects. The graph in our application consists of a set of
brain regions of interest, i.e., graph nodes, that are connected
based on the distance between them. This graph structure
remains constant over time. In contrast, the data of each
subject observed on top of the graph (i.e., graph signals)
are of time-varying nature, since they are generated by the
BOLD fluctuations. The problem thus boils down to the
classification of time-varying graph signals. Our study aims
at extending the GSP tools further, by adapting them to the
particular settings. For such a purpose, we study the frequency
behavior of the BOLD signals by computing their Graph
Fourier Transform (GFT). The time-varying GFT coefficients
are then merged into a connectivity matrix, from which we
compute discriminative graph frequency patterns, by using
an extension of the Fukunaga-Koontz transform. We then
exploit these features to separate ASD from neurotypical
subjects, using an interpretable classification scheme such as
the decision tree. Finally, we note that the proposed framework
can be advantageously generalized to the classification of time-
varying graph signals other than brain data.

The contributions of our study are summarized below.

(1) We extend the GSP framework by proposing a way of
building discriminative patterns in the graph Fourier do-
main. This is convenient when the neuropathology may
not be attributed to abnormalities in specific frequency
bands, i.e., low, middle and high bands, contrarily to
what was proposed in previous GSP-based works, e.g.,
[7]–[9].

(2) Our discriminative patterns can be classified by a simple
decision tree without the necessity of using more com-
plex classification schemes, e.g., through deep learning
as was considered in [10]. This facilitates to a certain
extent the interpretation of the predictions.

(3) In terms of classification accuracy, our framework out-
performs other state-of-the-art methods that are based
either on SC or FC, i.e., the GFT [6], [9] and the
Spatial Filtering Method (SFM) [11]. Moreover, the
interpretation of the results confirms previous findings
of the neuroscience literature for the ASD case.
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fMRI signal

Fig. 1: Representation of a graph signal, at a given time point.

II. PRELIMINARIES

A. Settings and notations

Our classification problem consists in identifying NeuroTyp-
ical (NT), and ASD subjects. We denote by nT , the total
number of subjects; nA, the total number of ASD subjects;
nN , the total number of NT subjects.

Resting-state fMRI signals (i.e., BOLD time-series) are
available for each subject, and for a set of r brain Regions
of Interest (ROIs). For each subject i (i = {1, . . . nT }), we
denote by Ti the number of time-points in each fMRI signal,
and Xi, the r × Ti matrix of time-series.

Note that BOLD fluctuations carry a notion of structure,
since they are measured for each ROI. However, in this paper,
what we denote as the structural dimension of the data relates
to the structural connectivity of the brain (i.e., topology). The
functional dimension of the data relates to aspects of brain
activity, derived from the BOLD fluctuations.

B. Graph-based representation of brain signals

We model the structure of the brain as an undirected,
weighted graph G, where the set of nodes ν corresponds
to the brain ROIs (see Fig. 1). The edges of the graph are
defined by connecting close nodes in terms of their geometrical
distance in the brain. In particular, we define the weight Auv

between two nodes u, v of a brain graph G as the inverse
of the Euclidean distance duv between both nodes. Thus, the
adjacency matrix A is such that:

Auv = d−1uv and Auu = 0 for u, v = 1, . . . r.

For each node, we keep only its K nearest neighbors, while
ensuring that the final graph is symmetric; this strategy is a
good proxy for representing the brain topology [12], [13].

Fig. 1 illustrates a 5-nearest neighbor topology of the brain,
on top of which a fMRI signal is observed at a specific
instant of time1. This graph signal consists of a vector of r
values, which corresponds to a column vector of the matrix

1The figures presented in this paper were drawn with the BRAINNET
SOFTWARE [14].

Xi (cf. Subsec. II-A). The spectral domain representation
can reveal significant information about the characteristics of
those signals. The Graph Fourier Transform (GFT) provides
a frequency analysis of the signals that reside on the graph,
based on the graph Laplacian operator. The combinatorial
Laplacian operator [15] is defined as L = D − A where A
is the graph adjacency matrix and D is a diagonal matrix
including the degree of each node, i.e., Dkk =

∑
j Akj .

The eigenvectors of the Laplacian operators can be used to
perform an harmonic analysis of the graph signals, and the
corresponding eigenvalues carry a notion of frequency [15].
We thus study the BOLD time-series Xi related to a patient
i in the frequency domain, through their projection on the
eigenvectors of a Laplacian matrix V, i.e.,

X̂i = VTXi. (1)

The columns of X̂i thus correspond to the GFT coefficients
for each frequency mode at a given instant.

III. OUR FRAMEWORK

We propose to handle both the structural and functional
information of the BOLD signals to extract discriminative
patterns in the graph spectral domain. Our approach consists
of three steps detailed in the following subsections.

A. Merging function, structure, and temporality

The first step of our method consists of studying the fre-
quency behavior of the signals on the graph, by computing the
GFT coefficients of each subject’s BOLD time-series, using
Eq. 1. In order to understand the relative importance of each
frequency component, we normalize the GFT coefficients at
each time point. More specifically, we normalize the columns
of X̂i by subtracting the mean of each column and dividing
by the L2 norm. The resulting matrices are denoted by Yi.
We then merge the normalized GFT coefficients over time to
reveal some frequency patterns of the time-series in the graph
Fourier domain. We achieve that by computing a proxy of the
sample covariance matrix, that is given by:

Si =
YiYi

T

tr(YiYi
T )
, (2)

where tr() denotes the trace operator. The mean joint ex-
pectancy matrix over the whole set of patients is:

S̄ =
1

nT

nT∑
i=1

YiYi
T

tr(YiYi
T )
. (3)

The mean joint expectancy matrices S̄A and S̄N for all ASD
and NT patients respectively are:

S̄A =
1

nA

nA∑
i=1

Si and S̄N =
1

nN

nN∑
i=1

Si.

Combining the two last equations, it follows that:

S̄ =
nA
nT

S̄A +
nN
nT

S̄N =
nA
nT

S̄A + (1− nA
nT

)S̄N. (4)
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For the remainder of the development, we denote by αA and
αN respectively, the factors nA

nT
and nN

nT
, and with αN = 1−

αA. Eq. 4 can be reformulated as:

S̄ = αAS̄A + αNS̄N. (5)

The mean joint expectancy matrix is thus expressed as a
positive linear combination of both mean joint expectancy
matrices of ASD and NT subjects.

B. Finding a discriminative subspace through FKT

After computing a matrix that captures the temporal evolu-
tion of the graph spectral components of the BOLD signals
for each class (i.e., S̄A, S̄N), we need to classify the subjects
in one of the two categories. To achieve this, we follow an
approach inspired by the Fukunaga-Koontz Transform (FKT),
which allows to find a discriminative subspace to project
the GFT coefficients of the BOLD signals. This operation is
achieved in three steps which are detailed in the following
subsections. A similar approach is followed by [11].

1) Whitening: First, we need to decorrelate the data by
means of a whitening operator. Let us consider the eigen-
decomposition of the matrix S̄:

QTS̄Q = Λ ⇔ S̄ = QΛQT.

As S̄ is symmetric, it holds that Q−1 = QT. It can be
shown that S̄ has a zero eigenvalue because of the column-
wise normalization of the GFT coefficients [16]. We consider,
without loss of generality, that the eigenvalues of S̄ are sorted
in ascend order, thus Λ11 = 0. We then define the diagonal
matrix Γ such that:

Γ11 = 1 and Γii = Λ
−1/2
ii , with i = 2, . . . r.

Thus, if we set Q2 = ΓTQT, we have:

Q2S̄Q2
T = diagonal[0, Ir−1].

where diagonal[0, Ir−1] is a diagonal matrix whose first diag-
onal element is 0 and the r − 1 remaining ones equal to one.
Using the above developments, Eq. 5 is rewritten as:

Q2S̄QT
2 = αAQ2S̄AQT

2 + αNQ2S̄NQT
2

⇔ diagonal[0, Ir−1] = αAS̄A′
+ αNS̄N′

. (6)

2) Simultaneous diagonalization of the matrices: Then, we
have to find a transform which keeps the overall effect of
whitening, while making the variance of the classes emerge
in a complementary way. These operations constitute the
simultaneous diagonalization of the joint expectancy matrices
(S̄, S̄A, S̄N), which are actually related by Eq. 5.

We can show that S̄A′
is positive semi-definite and has the

following structure [16]:

S̄A′
=

 0 . . . 0
...

S̄A′

r−10

 .
In order to diagonalize S̄A′

, Newcomb [17] proposes to
diagonalize S̄A′

r−1 by an orthogonal transformation T′ which

is deduced by eigen-decomposition. The global transformation
matrix T2 constitutes of the following:

T2 =


1 0 . . . 0
0

T
′...

0

 .
Thus, TT

2 S̄A′
T2 = S̄A

′′

, where S̄A
′′

is a diagonal matrix.
Eq. 6 can be reformulated as:

TT
2 diagonal[0, Ir−1] T2 = αATT

2 S̄A′
T2 + αNTT

2 S̄N′
T2

⇔ diagonal[0, Ir−1] = αAS̄A
′′

+ αNS̄N
′′

.

Given that diagonal[0, Ir−1] and S̄A
′′

are diagonal matrices,
S̄N

′′

is diagonalizable, and it shares the same eigenvectors
with S̄A

′′

. The non-zero eigenvalues of S̄A
′′

and S̄N
′′

, multi-
plied respectively by αA and αN, are complementary and sum
to unity.

3) Computation of the projection matrix: All the above
operations can be summarized through a final projection
matrix P such that:

PS̄PT = αAPS̄APT + αNPS̄NPT

⇔ diagonal[0, Ir−1] = αAS̄A′′
+ αNS̄N′′

.

with

P = TT
2 Q2 = TT

2 ΓTQT. (7)

Thus, we end up with a matrix which can be used to project
each patient’s matrix of time-varying GFT coefficients in a
space where the ASD and NT classes have complementary
mean joint expectancy matrices. This explains why the sub-
space is discriminative: each class may be expressed through
a subset of dimensions along which the variance of the related
data is high.

C. Performing classification

Now that we have computed the discriminative projection
matrix, we can use it to classify our GFT coefficients of the
BOLD signals. Thus, we project the GFT coefficients into the
discriminative matrix P (see Eq. 7):

Zi = PYi. (8)

This projection can be interpreted as filtering of the GFT coef-
ficients by discriminative filters. Classification is then achieved
by training a decision tree on the variance of the projected
GFT coefficients, as described in the following section. We
note that the variance of the elements included in the first row
of Zi does not carry any discriminative information. Indeed,
along this first dimension, both classes are associated with a
zero eigenvalue (see Eq. 7). This is due to the singularity of
the mean joint expectancy matrix (see Eq. 3).
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IV. EXPERIMENTS

A. Experimental settings

Data – We use the ABIDE I preprocessed dataset
[18] which includes BOLD signals preprocessed by the
C-PAC pipeline [19]. We selected time-series provided
for the Automated Anatomical Labeling atlas on 90 ROIs
(AAL90) [20]. We consider patients with eyes opened during
the fMRI session; less than 18 years old; less than 0.2 mm in
mean framewise displacement. The final data subset includes
251 NT and 201 ASD subjects.

Brain topology – As explained in Sec. II-B, the brain
nodes are connected with respect to their geometric distance
which is computed as the difference of their coordinates
in the MNI space [21]. We focus more particularly on
a two-nearest neighbor topology, which roughly divides
the brain in two parts: the fronto-temporal areas and the
parieto-occipital areas. This choice of topology is meaningful
from the neuroscience point of view. Indeed, fronto-temporal
areas have been associated to dysfunctions and structural
abnormalities in ASD [22]–[24].

Training features and classifier – The initial dataset is ran-
domly split into training (95%) and test sets (5%). We report
the average test accuracy over ten partitions of the dataset.
We compare our framework with two different approaches:
(i) based on the classification of the GFT coefficients (cf.
Sec. II-B) and (ii) based on the Spatial Filtering Method
(SFM) [11] which, to the best of our knowledge, is the closest
approach to ours.
• Concerning GFT, we compute the variance of the normal-

ized GFT coefficients over time, for the whole frequency
bands, and for equally-defined frequency bands, i.e., low,
middle and high frequency modes.

• For both SFM and our framework, we consider the
variance of the projected data related to the m most
significant dimensions for each group, with m ∈ [2, 5].
Therefore, the total number of training features is 2m.

A decision tree [25] is trained on the training sets within
each trial. This classifier is convenient for diagnosis prediction,
since it ensures the interpretability of the prediction outputs.

B. Results and discussion

1) Comparison with state-of-the-art methods: Table I
presents the averaged test accuracies for different assessment
modalities (further results are available in [16]). The gain
of 4.4% achieved by our framework against SFM indicates
that the structure-function interplay improves prediction. In
comparison to considering directly the GFT coefficients, it
seems that the discriminative information is hidden in more
complex patterns, revealed by their combination, as suggested
by Eq. 8. Moreover, we analyzed statistically the differences
between SFM and our framework, through a Student’s t-test.
The hypothesis of equal performances is rejected for all the
modalities (i.e., values for m), with p-values inferior to 5%.

m SFM (%) Ours (%) Modality GFT (%)
2 69.1 73.5 GFT 53.9
3 70.4 74.8 GFTLOW 59.6
4 69.6 73.0 GFTMID 62.6
5 67.4 71.3 GFTHIGH 59.1

TABLE I: Averaged test accuracy
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Fig. 2: Performances for different training set sizes

2) Influence of the training set size: Fig. 2 shows the
best average test accuracies achieved by each method (across
all GSP modalities), according to the procedure described in
Sec. IV-A, for different sizes of the initial dataset (from 95%
to 70%, per step of 5%). Overall, our method outperforms
both SFM and GFT. As expected, as the training set size
decreases, the performance deteriorates significantly for all
the methods. We note that both SFM and our method are
based on the estimation of a covariance matrix through the
sample covariance, which requires a large amount of data.
This is particularly true for the ASD population which is quite
heterogeneous in profiles, given the extent of the spectrum.

3) Influence of the topology: In order to understand the
influence of the topology on the classification performance,
we perform two additional experiments, by considering a
Weighted Fully Connected (WFC) and an Uniformly Con-
nected (UC) topologies. Table II reports the corresponding
predictive performances in comparison to those achieved with
a 2-NN topology and the SFM method. These results confirm
the influence of the structure. In particular, it is worth noting
that the performances achieved with the WFC topology are
inferior to those achieved in the case of 2-NN. This shows

SFM (%) Our framework (%)
m 2-NN WFC UC

2 69.1 73.5 67.8 66.1
3 70.4 74.8 67.8 69.1
4 69.6 73.0 70.0 65.2
5 67.4 71.3 65.2 63.9

TABLE II: Influence of the topology on the performances
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Fig. 3: Mode 44 (dominant in ASD): neutral on parieto-
occipital regions, activated on fronto-temporal ones

that probably the edges added to the 2-NN graph, i.e., non-
local interactions, add some noise in the process.

4) Interpretation: From the analysis of the projection ma-
trix P, we can identify the GFT modes which are the most
weighted in this combination. Thus, we are led to an inter-
esting interpretation of the results. Indeed, by computing the
variance of the projected GFT coefficients, we measure the
variability over time of the presence of some graph Fourier
modes in the fMRI signals. These modes may be seen as
frequency signatures of the NT/ASD conditions. It appears that
most of the signatures related to the NT subjects correspond
to a predominant activity in the parieto-occipital regions. The
significant modes of the ASD population (e.g., see Fig. 3) are
all related to high levels of activity in the fronto-temporal areas
in ASD subject. This result is consistent with previous findings
reported in the literature of neuroscience (see Sec. IV-A).

V. CONCLUSION

In this work, we extend the Graph Signal Processing (GSP)
framework by introducing a new algorithm which classifies
time-varying graph signals, with application to the identifica-
tion of Autism Spectrum Disorder (ASD). The algorithm aims
at exploiting the structure (brain topology) - function (fMRI-
based activity) interplay of the brain. To this end, we use the
Graph Fourier Transform (GFT) which generalizes the notion
of frequency analysis to irregular domains. The resulting graph
Fourier features are processed through an extension of the
Fukunaga-Koontz transform to build discriminative markers
for the classification of ASD and neurotypical patients. Our
results are promising in terms of accuracy and interpretation.
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