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Abstract—Constrained clustering is an important machine
learning, signal processing and data mining tool, for discovering
clusters in data, in the presence of additional domain informa-
tion. The present work introduces a probabilistic scheme for
constrained clustering based on the popular Gaussian Process
framework. The proposed scheme accommodates pairwise, must-
and cannot-link constraints between data, does not require
hyperparameter tuning, and enables assessment of the reliability
of obtained results. Preliminary results on real data showcase the
potential of the proposed approach.

Index Terms—Constrained clustering, clustering, Gaussian
process

I. INTRODUCTION

Clustering (a.k.a. unsupervised classification), the task of
assigning data to groups, in the absence of group labels, is
a popular data analytic tool, used in multiple areas such as
machine learning, data mining, and signal processing [1]–[3].

In many cases, additional domain knowledge may be avail-
able. Such domain knowledge is typically encoded in so-called
must-link (ML) and cannot-link (CL) pairwise constraints [4].
Each of these constraints encodes the relationships between
two data points and indicates whether they should or should
not belong in the same cluster. Clustering with constraints
finds numerous applications in areas such as handwritten
character recognition [5], video surveillance [6], community
detection and image segmentation [7], to name a few.

Multiple algorithms have been developed to tackle the
constrained clustering task, using ML and CL constraints. A
constrained version of the popular k-means algorithm was
proposed in [8]. Other methods utilize spectral clustering
approaches [9]. In [10], [11] only ML constraints are in-
corporated in the data similarity matrix used for spectral
clustering, whereas [12] adapts the embedding obtained by
spectral clustering to satisfy both ML and CL constraints,
using semi-definite programming. The method of [13] also
utilizes the data similarity matrix of spectral clustering, by
incorporating both ML and CL constraints, and attempts to
solve exactly 2-way spectral clustering. When more than
2 clusters are present, they are split recursively using 2-
way spectral clustering. Recently, [7] introduced a spectral
method that reduces constrained clustering into a generalized
eigenvalue problem, resulting in an efficient algorithm.

The present work puts forth a novel probabilistic scheme
for constrained clustering that leverages the popular and
flexible Gaussian process framework, which has been utilized
successfully for regression and classification [14]. By utilizing
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the co-association matrix representation of a clustering, we
show that constrained clustering can be viewed as Gaussian
process classification. Based on this, an algorithm to estimate
clusters of data, that takes into account both ML and CL
constraints, and automatically tunes all relevant hyperparame-
ters, is developed. To the best of the authors knowledge, this
work is the first to utilize Gaussian processes for constrained
clustering.
Notation. Unless otherwise noted, lowercase bold letters, x,
denote column vectors, uppercase bold letters, X, represent
matrices, and calligraphic uppercase letters, X , stand for sets.
The (i, j)th entry of matrix X is denoted by [X]ij . Pr denotes
probability, or the probability mass/density function(pmf/pdf);
∼ denotes ”distributed as,” and N (m,S) denotes the mul-
tivariate Gaussian distribution with mean m and covariance
matrix S.

II. PROBLEM STATEMENT AND PRELIMINARIES

Consider a dataset consisting of N data {xn}Nn=1, each
belonging to one of C possible clusters, and a N × 1 vector
π whose entries indicate the cluster each datum belongs
to, that is [π]n = 2 if xn belongs to the second cluster.
Instead of π, a clustering of N data can be represented using
the so-called N × N co-association matrix A, with entries
an,n′ := [A]n,n′ = 1 if xn and xn′ belong to the same cluster
and are 0 otherwise. Therefore, knowledge of A is equivalent
to knowing the clusters of the data. The co-association matrix
can also be thought of as the binary adjacency matrix of a
graph G, where every cluster corresponds to a fully connected
component. Since A is symmetric, and all its diagonal entries
are equal to 1 (a datum is in the same cluster with itself),
specifying the N̄ =

(
N
2

)
entries of its upper (or lower)

triangular part is sufficient for clustering.
In addition to the data, must-link and cannot-link constraints

are provided, and collected in the corresponding sets CML and
CCL. All constraints consist of tuples (i, j) corresponding to
entries of the co-association matrix A, that is constraint (i, j)
corresponds to ai,j . A must-link constraint (i, j) indicates that
two data points, xi and xj must belong to the same cluster, i.e.
ai,j = 1, whereas a cannot-link constraint (i′, j′) indicates that
two points xi′ and xj′ are not in the same cluster, ai′,j′ = 0.

Let C = CML ∪ CCL. The task of constrained clustering is
given N data {xn}Nn=1 and Nc = |C| constraints, to find the
cluster each datum belongs to, or equivalently estimate the
entries of the N ×N matrix A.

To perform clustering using the available constraints, we
will utilize the Gaussian Process framework [14]. In particular,
we will focus on learning a latent function f : RD × RD →
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R. This latent function captures the connectivity between any
two data points in the dataset. Let fn,n′ := f(xn,xn′). The
relationship between the latent function f and the entries an,n′

of the co-association matrix is assumed to be the following

Pr(an,n′ = 1|fn,n′) = σ(fn,n′), (1)

where σ(x) = 1/(1+exp(−x)) denotes the so-called sigmoid
function, which maps the value of fn,n′ to the values in [0, 1].
Let y be a Nc×1 binary vector containing the values all pro-
vided constraints, i.e. yn := [y]n = ain,jn , for n = 1, . . . , Nc

and (in, jn) ∈ C. Also let f = [f1, . . . , fNc
]> be a Nc × 1

vector of corresponding latent variables. The conditional pmf
of y given f is then

Pr(y|f) =

Nc∏
n=1

Pr(yn|fn) =

Nc∏
n=1

σ(fn)yn(1− σ(fn))1−yn

Next, we will assume that realizations of the latent function
f follow a Gaussian Process model. This implies

f ∼ N (0,K) (2)

where K is a predefined covariance or kernel matrix, that
encodes the relationships between values of the latent function.
Contrary to kernels used typically in machine learning [15],
this particular kernel does not directly capture the similarity
between two data points xn and xn′ . Instead, it quanti-
fies the relationship between pairs of data, {xn,xn′} and
{xn′′ ,xn′′′}. In order to define it, consider first κ(xn,xn′), a
kernel function that captures the relationship between a pair of
data xn,xn′ . Examples of kernel functions include the linear
kernel κ(xn,xn′) = γx>nxn′ , or the squared exponential
kernel κ(xn,xn′) = γ exp

(
−‖xn − xn′‖22/(2ν2)

)
. Here,

γ, ν > 0 are tunable kernel parameters, collected in θ = [γ, ν].
Using κ, a kernel (similarity) between entries fn,n′ and fn′′,n′′′

can then be computed as follows

K ({n, n′}, {n′′, n′′′}) = κ(xn,xn′′)κ(xn′ ,xn′′′)

+κ(xn,xn′′′)κ(xn′ ,xn′′). (3)

Such a kernel has been used successfully for link prediction
and analysis in graphs [16]. With (in, jn) ∈ C denoting the
tuple corresponding to the n-th constraint, the Nc×Nc kernel
matrix K has entries

[K]n,n′ = K ({in, jn}, {in′ , jn′}) (4)

Note that, since κ depends on the tunable parameters θ, so
does the kernel K. Finally, the joint pdf of the latent variables
f and provided constraints y is

Pr(f ,y) = Pr(y|f) Pr(f)

=

(
Nc∏
n=1

Pr(yn|fn)

)
Pr(f) (5)

Having defined y,f and K, it can be seen that the con-
strained clustering task has been converted to that of Gaussian
Process Classification, where the available constraints y ∈
{0, 1}Nc×1 act as training data. The next section introduces
the proposed algorithm for constrained clustering.

III. GAUSSIAN PROCESS CONSTRAINED CLUSTERING

Given a set of Nc must- and cannot-link constraints, vec-
torized in y ∈ {0, 1}Nc×1, and their corresponding data
points {xn}, we would like to estimate the entries of the co-
association matrix A, and consequently the C clusters of data.
Similar to Gaussian process regression and classification, in
order to predict the remaining entries of A, knowledge of the
posterior Pr(f |y) = Pr(f ,y)

Pr(y) is crucial. Due to the presence
of the sigmoid functions in Pr(y|f) directly computing the
marginal

Pr(y) =

∫
Pr(y,f)df =

∫
Pr(y|f) Pr(f)df (6)

is intractable. To overcome this issue, Markov chain monte
carlo or Expectation propagation approaches can be uti-
lized [14], however, here we opted for the following variational
lower bound of the sigmoid [17], which has been successfully
used for Gaussian Process Classification in [18], [19]: For any
ξ > 0 it holds

σ(x) =
1

1 + e−x
≥ σ(ξ) exp

(
x− ξ

2
− λ(ξ)(x2 − ξ2)

)
(7)

where λ(ξ) = (σ(ξ) − 1/2)/(2ξ). Applying (7) to all terms
of Pr(y|f), it is straightforward to show that

Pr(y|f) ≥ g(ξ,f ,y) :=
Nc∏
n=1

σ(ξn) exp

(
fn(yn −

1

2
)− λ(ξn)(f2n − ξ2n)− ξn

2

)
(8)

where ξ = [ξ1, . . . , ξNc ]> collects the Nc newly introduced ξ
variables. As g(ξ,f ,y) is a quadratic function of f , a lower
bound approximation to the marginal (6) can be computed,
namely

q(y) :=

∫
g(ξ,f ,y) Pr(f)df .

Since Pr(f |y) ∝ Pr(y|f) Pr(f), we can also compute an
approximate posterior

q(f |y) ∝ g(ξ,f ,y) Pr(f) ∝ N (µ,Σ), (9)

where Σ =
(
K−1 + 2Λ

)−1
, Λ is a diagonal matrix with λ =

[λ(ξ1), . . . , λ(ξNc)] in its diagonal, and µ = Σ(y− 1
21), with

1 denoting the all ones vector of appropriate dimension. Note
that, use of the bound in (7) requires estimation of the variables
ξ.

Kernel parameters θ can be estimated by maximizing the
approximate marginal q(y), or equivalently its logarithm, i.e.

θ̂ = argmax
θ

q(y) = argmax
θ

log

∫
g(ξ,f ,y) Pr(f)df

(10)
In this case, (10) boils down to the following optimization
problem

min
θ

log |K +
1

2
Λ−1|+ 1

4
ȳ>
(

K +
1

2
Λ−1

)−1
ȳ (11)

where ȳ = Λ−1(y − 1
21) and even though the optimization

in (11) is nonconvex, it can be carried out using conjugate
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gradient methods, as is common for GP models [14]. Similarly,
ξ is estimated by maximizing log q(y), and entries of ξ are
updated as

∂ log q(y)

∂ξn
= 0⇒ ξ̂n =

√
[µ]2n + [Σ]nn. (12)

The parameter updates of (10), (12) and evaluation of the
posterior (9) are carried out in an alternating fashion, until
convergence. The computational complexity of this part of the
constrained clustering algorithm is O(IN3

c ), where I is the
number of iterations until convergence.

A. Estimating entries of the co-association matrix

Having learned the kernel parameters, and obtained the
approximate posterior q(f |y) using the provided constraints,
we now have to estimate the remaining N̄c = N̄ −Nc entries
of the unknown co-association matrix A. Let A be a set
containing the tuples corresponding to the unknown entries of
A. Using the approximate posterior q(f |y), the conditional
pmf of the (n, n′)-th entry of A, (n, n′) ∈ A is

Pr(an,n′ |y) =

∫
Pr(an,n′ , fn,n′ ,f |y)dfn,n′df ≈∫

Pr(an,n′ |fn,n′)

(∫
Pr(fn,n′ |f)q(f |y)df

)
df∗ (13)

where fn,n′ is the unknown latent variable corresponding to
an,n′ . As the latent variables follow a Gaussian distribution,
the conditional distribution of fn,n′ given f , is also a Gaussian

Pr(fn,n′ |f) = N (k>n,n′K−1f , knn′ − k>n,n′K−1kn,n′) (14)

where kn,n′ = [K({n, n′}, {i1, j2}), ..,K({n, n′}, {iNc
, jNc
})],

(il, jl) ∈ C denotes the tuple corresponding to the l-th
constraint, and knn′ = K ({n, n′}, {n, n′}) [cf. (3)] [14].
Then ∫

Pr(fn,n′ |f)q(f |y)df = N (m, s2) (15)

with m = k>n,n′K−1µ and s2 = knn′ −
k>n,n′

(
K + 1

2Λ−1
)−1

kn,n′ [cf. (9)]. Using (15) alongside
the results from [17, Chapter 4.5.2] we have

Pr(an,n′ = 1|y) ≈ σ(ρ(s2)m) (16)

with ρ(s2) = (1 + πs2/8)−1/2. Finally, if Pr(an,n′ = 1|y) ≥
1/2, we set ân,n′ = [Â]n,n′ = 1 and 0 otherwise. The
computational complexity of evaluating the unknown entries
of A is O(N̄cN

2
c ).

Remark 1: The variance s2 in (15) indicates how uncertain
our model is with respect to the fn,n′ it has estimated. Such
uncertainty quantification may be especially useful in active
learning setups [20], [21].

B. The constrained clustering algorithm

The entire constrained clustering algorithm is listed in
Alg. 1. Given a set of must- and cannot-link constraints in
y, kernel parameters θ and an approximate posterior q(f |y)
are estimated. The estimated parameters and posterior are then
used to estimate the entries of A, as outlined in the previous

Algorithm 1 Constrained Clustering using Gaussian Processes

Input: Constraints y; Kernel K; initial parameters θ(0).
Output: Estimates θ̂; Â; π̂; posterior q(f |y)

1: while not converged do
2: Compute θ̂ using (11).
3: Evaluate posterior q(f |y) using (9).
4: Compute ξ̂ using (12).
5: end while
6: for (n, n′) ∈ A do
7: Compute Pr(an,n′ = 1|y) using (15), (16)
8: If Pr(an,n′ = 1|y) ≥ 1/2 set [Â]n,n′ = 1 and 0

otherwise.
9: end for

10: Run Spectral Clustering using estimated Â and
obtain π̂

subsection. The estimated entries along with the provided
constraints form the estimated co-association matrix Â, which
indicates the clustering result. In many cases, Â might be
noisy. Therefore, we obtain final clustering indicator vector π̂
using spectral clustering [9] with Â as the adjacency matrix.

The next section will evaluate the performance of the
proposed constrained clustering scheme.

IV. NUMERICAL TESTS

The performance of the proposed constrained clustering
method of Alg. 1 (denoted as CCGP) is evaluated using real
datasets. CCGP is compared to spectral clustering [9], that
does not account for the available constraints, denoted as SC,
and the state-of-the-art methods of [7] and [13], denoted as
FAST-GE and COSC respectively. The metric used to evaluate
clustering performance is Normalized Mutual Information
(NMI), defined as

NMI =
I(π, π̂)

H(π) +H(π̂)

with π being the ideal cluster indicator vector, π̂ the esti-
mated one, I(π, π̂) denoting the mutual information between
π, π̂ and H(π) denoting the Shannon entropy of π [22].
All results represent the average of 10 independent Monte
Carlo runs, and for all datasets considered, in each run,
Nc constraints are randomly generated and provided to the
constrained clustering algorithms. In all tests, the base kernel
[cf. (3)] used is the squared exponential one κ(xn,xn′) =
γ exp

(
−‖xn − xn′‖22/(2ν2)

)
and the parameters θ = [γ, ν]

are tuned automatically by Alg. 1. SC uses the squared
exponential kernel with γ = 1 and ν2 estimated as the average
squared euclidean distance between all data.

Three real datasets from the UCI database [23] are con-
sidered, namely the Iris, Wine and Ionosphere datasets, as
well as the Extended Yale Face database B [24]. The Iris
dataset contains N = 150 data of size D = 4 belonging to
C = 3 clusters, whereas the wine dataset contains N = 178
data vectors of size D = 13, organized into C = 3 clusters.
The ionosphere dataset consists of N = 351 data vectors of
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Fig. 1. Results for the Iris dataset.
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Fig. 2. Results for the Ionosphere dataset.

dimension D = 34, belonging to C = 2 clusters. Furthermore,
we are using a subset of the Extended Yale face database, with
N = 2, 392 image data of size D = 1, 024, organized into
C = 3 clusters.

Results for the Iris dataset, as the number of constraints Nc

increases are shown in Fig. 1. For this dataset all constrained
clustering methods significantly outperform SC, that does not
take constraints into account. The proposed CCGP exhibits
better NMI compared to both Fast-GE and COSC. A similar
trend is observed for the Ionosphere and wine datasets in
Figs. 2 and 3 respectively. For these datasets, as the number
of constraints increases so does the performance of all con-
strained clustering algorithms. Fig. 4 shows the results for the
subset of the Extended Yale Face database. Here, SC exhibits
poor performance, suggesting that the squared exponential
kernel may not be appropriate, however including constraints
improves clustering performance dramatically. CCGP even-
tually outperforms COSC and FAST-GE as the number of
constraints increases.
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Fig. 3. Results for the Wine dataset.

0 50 100 150 200 250 300 350 400 450 500 550 600
0

5 · 10−2

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

Number of constraints - Nc

N
M

I CCGP
SC
FAST-GE
COSC

Fig. 4. Results for the subset of the Extended Yale dataset B.

V. CONCLUSIONS AND FUTURE RESEARCH

This paper introduced a novel constrained clustering ap-
proach that utilizes the Gaussian Process framework. Prelim-
inary tests on real data showcase the potential of the novel
approach. Future research will focus on extensive numerical
tests with real datasets, performance analysis, efficient algo-
rithms that can handle large numbers of constraints, as well
as online and active methods for constrained clustering.
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