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Abstract—We propose a method for the accurate reconstruc-
tion (recovery of parameters) of non-bandlimited finite rate
of innovation (FRI) signals on the sphere from its measure-
ments contaminated by additive isotropic noise. We propose a
framework that takes the optimal number of noisy measure-
ments and employs autoencoder (deep learning architecture)
to enhance the signal consisting of a finite number of Diracs
before estimating the parameters using the annihilating filter
method. We use convolutional and fully connected autoencoders
for signal enhancement in the spatial and spectral domains
respectively. We analyse the denoising performance of both the
overcomplete and undercomplete autoencoders and demonstrate
the superior performance, measured as a gain in the signal to
noise ratio (SNR) of the output signal, of the fully connected
overcomplete autoencoder that filters the signal in the spectral
domain. Through numerical experiments, we demonstrate the
improvement enabled by the proposed framework in the accuracy
of recovery of the parameters of the FRI signal.

Index Terms—Finite rate of innovation, sphere, spherical
harmonics, isotropic noise, autoencoders, deep learning

I. INTRODUCTION

Spherical signals arise in many different fields of engineer-
ing and science such as medical imaging [1], geodesy [2],
wireless communication [3], computer graphics [4], antenna
theory [5], and acoustics [6]. To support signal analysis on
the sphere in medical imaging, acoustics, and beyond, we con-
sider the problem of signal reconstruction of non-bandlimited
finite rate of innovation (FRI) signal, consisting of finite K
number of Dirac delta functions, on the sphere from the noise-
contaminated observations of the signal.

Different sampling techniques for the acquisition of spher-
ical signals have been devised in recent years [7]. The
spectral (harmonic) coefficients of the signal on the sphere
are computed using the spherical harmonic transform (SHT)
by taking a finite number of measurements on the sphere.
SHT can be exactly computed assuming that the signal is
bandlimited in the harmonic domain. Bandlimit existence
is a powerful assumption and it has been used to devise
sampling schemes (e.g., [7], [8]) on the sphere that supports
exact/accurate signal reconstruction. These sampling schemes
are however not suitable for non-bandlimited signals such as
a stream of Diracs.
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An algorithm based on super-resolution theory has been
developed in [9] for the recovery of parameters of FRI
signals. However, the algorithm is iterative in nature and
requires a minimum separation condition between the Diracs.
Recently, signal processing techniques based on annihilating
filter method (devised for Euclidean domain signals in [10],
[11]) for the recovery of parameters of FRI signal on the
sphere have been proposed [12]–[15]. [12] develops a method
for the reconstruction of parameters of K Diracs that requires
the samples of the signal bandlimit at degree (formally defined
in Section 2.1) L = 2K. To reduce the number of samples
by a factor of approximately four, an annihilating filter based
algorithm has been proposed in [13]. However, the error in
the recovery of parameters using these two methods increases
with the number of Diracs due to the ill-conditioning of the
linear systems used in the reconstruction. This problem has
been addressed in [14], [15], where the annihilating filter
method is also used for the development of algorithms that
enable accurate recovery of the parameters of Diracs.In these
methods, the measurements of the FRI signal are assumed to
be free from any noise and/or distortions.

In this context, we consider the problem of estimation of the
parameters of FRI signal (Diracs) from the measurements of
the signal corrupted by additive isotropic noise. As we don’t
know the statistics of the signal corrupted by noise, we cannot
use traditional spherical filtering techniques for denoising. We
develop a framework that enhances (denoises) the observed
signal using deep learning architectures and estimates the
parameters of the Diracs using the annihilating filter method.
Autoencoders have been used for denoising [16]–[20] as they
outperform traditional denoising techniques and are not restric-
tive of noise generative processes. In the Euclidean setting,
convolutional autoencoder performs better for images from
their ability to exploit translational symmetries through weight
sharing and translation equivariance. However, the autoen-
coders have not been used for denoising spherical signals and
the focus has been on traditional spherical filters. We analyse
the use of undercomplete/overcomplete fully connected (FC)
and convolutional autoencoders (CAE) for enhancement of
the signal in the spatial and spectral domains respectively.
We train the architectures on the training data and analyse
the signal to noise ratio (SNR) improvement provided by
each of the autoencoders on testing data. We demonstrate
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that the FC overcomplete autoencoder offers better denoising
performance. We demonstrate that the proposed framework
improves the accuracy of the recovered parameters of the FRI
signal.

II. PROBLEM FORMULATION

A. Mathematical Preliminaries – Signals on the Sphere
We define the unit sphere as S2 , {û ∈ R3 : |û| = 1},

where | · | refers to norm in the Euclidean space and û
is a vector of unit norm in 3D Euclidean domain R3 that
represents the point on the 2-sphere (or sphere). A point û
on the sphere can be parameterized using two angles, referred
to as colatitude θ and longitude φ, that is, û ≡ û(θ, φ) =
(sin θ cosφ, sin θ sinφ, cos θ), θ ∈ [0, π] is measured from the
positive z axis and φ ∈ [0,2π) is measured from the positive
x axis in the x-y plane. We define the inner product of two
functions f(û) and g(û) as [21]

〈f, g〉 ,
∫
S2
f(û)g(û)ds(û), (1)

where ds(û) = sin θdθdφ is the differential element on S2,
(.) denotes complex conjugate and the integration is carried
out over the whole sphere. Complex valued functions on S2
form a Hilbert space L2(S2) equipped with the inner product
defined in (1) which induces the norm ‖ f ‖, 〈f, f〉1/2.

The archetype complete orthonormal sequence for Hilbert
space L2(S2) is the set of spherical harmonic functions,
denoted by Y m` (û) for integer degree ` ≥ 0 and integer order
|m| ≤ `. Any signal f ∈ L2(S2) can be expanded in spherical
harmonic functions as

f(θ, φ) =

∞∑
`=0

∑̀
m=−`

(f)m` Y
m
` (θ, φ), (2)

where (f)m` is the spherical harmonic coefficient of degree
` and order m and is given by the spherical harmonic trans-
form (SHT): (f)m` , 〈f, Y m` 〉. The signal f is bandlimited at
L if (f)m` = 0,∀ ` ≥ L.

B. Problem Formulation
We consider an ensemble of K Diracs located on the sphere

corrupted by noise, that is,

y(û) = f(û) + n(û), f(û) =

K∑
k=1

αkδ(û, ûk) (3)

where ûk = ûk(θk, φk) indicates the location of k-th Dirac
on the unit sphere, αk denotes the complex amplitude, n(û)
denotes the noise and δ(û, ûk) is the Dirac delta function that
satisfies the sifting property given by f(ûk) = 〈f, δ(., ûk)〉.
We assume that the noise is isotropic and white, that is,

E
{(
n
)m
`

(
n
)q
p

}
= C δ`pδmq, (4)

where E is the expectation operator and δ`p is the Kronecker
delta function: δ`p = 1 for ` = p and is zero otherwise. The
problem under consideration is to recover the parameters of
the Diracs namely θk, φk and αk as accurately as possible
given the finite number of samples of bandlimited signal y.

Fig. 1: The framework for the estimation of parameters of the
Diracs from noise corrupted measurements.

III. DENOISING AND ESTIMATION OF PARAMETERS

For the estimation of parameters of the signal f (ensemble
of Diracs) formulated in (3) from the samples of the signal y
bandlimited at degree L, we propose a framework (shown in
Fig. 1) that employs the autoencoder architecture to denoise
the signal before estimating the parameters. We analyse the
performance of different autoencoders for denoising the signal.

A. Denoising using Autoencoders

We first require the signal to be denoised before the estima-
tion of parameters. We assume that the signal is bandlimited
at bandlimit L and the samples are taken over the equiangular
sampling grid proposed in [8] for the exact reconstruction of
bandlimited signals. We carry out denoising in both the spatial
and spectral (constituted by spherical harmonic coefficients)
domains. We employ SHT associated with the equiangular
sampling scheme to compute the spherical harmonic coeffi-
cients. We analyse the performance of denoising experiments
later in the paper.

Autoencoder is a type of neural network that is trained
to learn to approximate the identity function [16]. Denoising
utilizing autoencoders is carried out by using either fully
connected or convolutional autoencoders [16]–[20]. Fully con-
nected autoencoder encodes the input vector x into a latent
space representation as vector z using a transformation of the
form z = s(Wcx + bc), where s is a non-linear activation
function, Wc is the weight matrix and bc is the bias at
the encoder. Latent space representation z is then decoded
into an output space x̃ having the same dimensionality as
x. This transformation also uses the similar mapping x̃ =
s(Wdz + bd). (Wc,Wd,bc,bd) are the model parameters
that need to be optimized so that the error in reconstruction
is minimized. A convolutional autoencoder is similar to the
fully connected autoencoder except that the transformation in
the encoding and decoding layers is convolution operation.

Denoising autoencoder attempts to learn to reconstruct the
input given that noisy measurements are fed at the input [16].
The autoencoders can be further classified into undercomplete
if the dimension of the latent space is less than the dimension
of input space. Otherwise, the autoencoders are referred to
as overcomplete autoencoders. Since the encoded features are
of higher dimension as compared to the input, overcomplete
encoders offer better denoising performance as we demonstrate
later in the next section.

B. Estimating Parameters

Next, we employ the annihilating filter method proposed
in [15] to recover parameters. We use the denoised signal,
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denoted by f̃ for the estimation of parameters. As indicated
earlier, the samples are taken over the equiangular sampling
scheme that enables the exact computation of spherical har-
monic coefficients of the signal.

Making use of the sifting property, the spherical harmonic
coefficients of the denoised signal can be approximately repre-

sented as (f̃)ml =
K∑
k=1

αkY m` (θk, φk)+
(
ñ
)m
`

, where ñ denotes

the additive noise in the signal after denoising. Also, we note
that Y m` (θ, φ) can be written as Y m` (θ, φ) = Y m` (θ, 0)e−imφ

and we can obtain Y m` (θ, 0) by multiplying with a polynomial
in cos θ which is of degree (` − |m|) by (sin θ)|m| which
is of degree (|m|). In order to further expand the spherical
harmonic coefficient expression of signal f̃ , we denote the
coefficients of polynomial in cos θ by cplm that corresponds
to the polynomial in cos θpk. We can now write the spherical
harmonic coefficients for each order m as

(f̃)m` =

K∑
k=1

αk

`−|m|∑
p=0

cp`m
(
cos θk

)p(
sin θk

)|m|
e−imφk+

(
ñ
)m
`
,

(5)
which we rearrange to express as

(f̃)m` =

`−|m|∑
p=0

cp`mdpm +
(
ñ
)m
`
, (6)

where

dpm =


K∑
k=1

(αkykp)x
m
k 0 ≤ m < L

K∑
k=1

(αkykp)x
−m
k − L < m < 0

(7)

Here xk = sin θke
−iφk and where ykp = (cos θk)

p. Given the
noise is isotropic and assuming that the autoencoder maintains
the isotropic characteristics of the noise, we obtain dpm for
each m as least-squares estimate using the spherical harmonic
coefficients (f̃)m` related to dpm through (6). To obtain dpm,
we require the spherical harmonic coefficients to be computed
(f̃)m` for all degrees ` ≤ Lmax, Lmax = K +

√
K + 1

4 −
1
2 .

We assume that the samples are taken on the equiangular
scheme that supports the spherical harmonic coefficients up
to degree L > Lmax. In (7), we note that dpm for 0 ≤ m < L
and dpm for −L < m < 0 are made up of linear combina-
tions of the exponentials xmk and therefore annihilating filter
method [10] can be employed to recover these exponentials.
Once we obtain the estimate of xk, we compute the longitude
parameters φk, k = 1, 2, . . . ,K by taking the phase of xk.
Once the longitude parameters are estimated, the colatitude
and amplitude parameters can be estimated by solving a
system of linear equations given in (7) for p = 1 and p = 0
respectively (see [15]).

IV. RESULTS AND ANALYSIS

We have the representation of the noise corrupted signal
in both the spatial and spectral domains enabled by SHT. We,
therefore, analyse the performance of both the fully connected

and convolutional autoencoders for denoising in the spectral
and spatial domains respectively.

1) Dataset: We prepare a dataset of Diracs for K = 3
and obtain the samples of the noisy signal on an equiangular
sampling scheme for different values of L ∈ {8, 16, 32}. For
each L and signal to noise ratio (SNR) defined as

SNRy = 10 log10
‖ f ‖2

‖ y − f ‖2
, (8)

for signal y in the range 0 ≤ SNRy ≤ 20 (dB), we generate
20, 000 data points, where each instance is obtained using
(3) by randomly generating a noise of desired power and
uniformly generating θk ∈ (0, π), φk ∈ [0, 2π) and αk with
real/imaginary parts distributed in [−1, 1] for k = 1, 2, . . . ,K.
We divide the data into 70% training instances and 30% test
instances.

2) Autoencoder Architectures and Training: We made a
fully connected autoencoder to denoise in the harmonic do-
main and a convolutional autoencoder to denoise in the spatial
domain. Both types of autoencoders were four layers with a
two-layer encoder and a two-layer decoder. Since the signal
is complex in both the harmonic domain and spatial domain,
we treat the real and imaginary parts of the signal as two real
signals.

For fully connected (FC) autoencoder, we form the network
with layers as FC-relu-FC-relu-FC-relu-FC. For the construc-
tion of an undercomplete autoencoder, the first encoder layer
contains L2/2 neurons and the second encoder layer contains
L2/4 neurons. L2/2 neurons are present in the decoder first
layer and L2 neurons are present in the decoder second
layer. The signal in the spectral domain which contains L2

noisy harmonic coefficients is first encoded to L2/4 latent
space which in turn is decoded back to L2 reconstructed
harmonic coefficients. For overcomplete autoencoder, the first
encoder layer contains L2 neurons and the second encoder
layer contains 2L2 neurons. L2 neurons are present in the
decoder first layer and L2 neurons are present in the decoder
second layer. The signal in the spectral domain which contains
L2 noisy harmonic coefficients is first encoded to 2L2 latent
space which in turn is decoded back to L2 reconstructed
harmonic coefficients. In the overcomplete autoencoder, there
are many more parameters to be optimized and therefore
there is a tradeoff between the denoising performance and
the number of parameters. For example, the undercomplete
autoencoder for L = 8 has approximately 5000 parameters to
be optimized compared to approximately 25000 parameters of
the overcomplete autoencoder.

For convolutional autoencoder (CAE), the undercomplete
autoencoder contains the layers as conv2D-relu-maxpool2D-
conv2D-relu-maxpool2D-conv2D-relu-upsampling2D-
conv2D-relu- upsampling -2D-conv2D. The filters are of size
3×3 with the number of filters 16, 32, 32, 16 and 8 respectively
and a stride of 1. The zero paddings are done such that the
convolution layer operation does not change the dimension of
its input. Only the maxpool2D layer reduces the dimension
by a factor of two and upsampling2D increases the dimension
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(a) (b)
Fig. 2: Output SNRf̃ against the input SNRy for bandlimit L ∈ {8, 12, 16} and (a) fully connected overcomplete and
undercomplete autoencodder and (b) convolutional overcomplete and undercomplete autoencodder.

(a) (b) (c)
Fig. 3: Mean Absolute Error of the recovered (a) Amplitude α, (b) Colatitude θ and (c) Longitude φ against input SNRy for
K = 1, 2 and 3, with and without the use of FC overcomplete autoencoder for denoising.

by a factor of two. Overall, the noisy signal in the spatial
domain of size 2L× 2L is first encoded to L/2× L/2 latent
space which in turn is decoded back to 2L×2L reconstructed
spatial signal. The overcomplete autoencoder contains the
layers as conv2D-relu-conv2D-relu-upsampling2D-conv2D-
relu-maxpool2D-conv2D-relu-conv2D. Again the number of
filters is 16, 32, 32, 16, and 8 respectively, and are of size
3× 3 with a stride of 1 and zero paddings ensure no change
in the dimension in the convolution layer. Now the noisy
signal in the spatial domain of size 2L× 2L is first encoded
to 4L × 4L latent space and decoded back to 2L × 2L
reconstructed spatial signal.

3) Training and Performance Analysis: We train the au-
toencoders using the training data at a particular SNR. During
the training, the resulting output for each input is used to
compute the reconstruction error ‖ f̃ − f ‖2, which is used to
optimize the parameters of the autoencoders. We use RMSprop
as the optimizer and train each network for 50 epochs.

Once the networks are trained, we use testing data to analyse
the performance for each of the autoencoders under consid-
eration. For each instance of the testing data, we compute
the output SNR to quantify the improvement enabled by
the autoencoders. We plot output SNRf̃ against input SNRy

averaged over all the instances of the testing data for FC and
CAE autoencoders in Fig. 2(a) and (b) respectively, where it
can be observed that the filtering in the harmonic domain using

the FC autoencoder outperforms the denoising in the spatial
domain using the CAE encoder. We note that the improved
performance is not due to overfitting since it is measured
on the testing data. Furthermore, the analysis reveals that the
improvement increases with the bandlimit and overcomplete
autoencoder, in comparison to the undercomplete encoder,
offers more improvement in the output SNR.

4) Relationship between the number of encoding layers,
number of Diracs K and input SNR: Since FC overcomplete
autoencoder outperforms the other choices, we use it to study
the relationship between the number of encoding layers, the
number of Diracs K, and input SNR. We first study the effect
of using a different number of encoding layers for a constant
K and varying input SNR. In the other experiment, we study
the effect of using different encoding layers for a constant
input SNR and varying K. The network is symmetric and
we use a maximum of 5 encoder layers. For K = 3, output
SNR is plotted against the number of layers for input SNR of
0 dB, 5 dB, and 10 dB in Fig. 4, where it can be observed
that the performance increases with the increase in the number
of encoding layers. For input SNR= 0 dB, we compute the
output SNR against the number of layers for different number
of Diracs K = 3,K = 6 and K = 9 and plot in Fig. 4, where
it is evident that the number of encoding layers proportional
to the number of Diracs improves the performance of signal
reconstruction.
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Fig. 4: Relationship between the number of encoding layers,
number of Diracs K and input SNR

5) Parameter Estimation using the Optimal Number of
Samples: Now, we will employ the annihilating filter method
technique to recover the parameters (amplitude, colatitude,
and longitude) of Diracs on the sphere. We analyse the
improvement in the accuracy of the recovered parameters due
to the signal enhancement offered by the proposed denoising
framework.

We construct the Diracs dataset for K = 1, 2 and 3.
However, we generate the dataset this time by taking the
optimal number of samples as required for FRI parameter
estimation [15]. We take band-limit L = 2, 3, and 5 for K = 1,
2, and 3, respectively. For signal enhancement, we construct
FC overcomplete autoencoder with layers structured as FC-
relu-FC-relu-FC-relu-FC. The first encoder layer contains 2L2

neurons and the second encoder layer contains 4L2 neurons.
2L2 neurons are present in the decoder first layer and L2

neurons are present in the decoder second layer. This structure
requires approximately 350, 1, 700 and 12, 700 parameters to
be optimized for L = 2, 3 and 5, respectively. We estimate
the parameters of the Diracs and plot the mean absolute error
in the recovery of amplitudes, colatitudes, and longitudes in
Fig. 3(a), (b) and (c) respectively, where it is evident that the
proposed framework enables improvement in the accuracy of
the recovery of the Diracs.

V. CONCLUSIONS

In this work, we have proposed a method for the accurate re-
construction of an FRI signal consisting of K Dirac functions
on the sphere in the presence of noise. We have presented
a framework that denoises the signal using deep learning
architecture called autoencoder followed by the estimation
of the parameters of the signal using the annihilating filter
technique. We have analysed the use of different autoencoders
for the signal enhancement in the presence of noise and
demonstrated that FC overcomplete autoencoder provides the
best improvement in the signal to noise ratio of the filtered
signal. Using the trained network, we have also estimated
the parameters of the Diracs and shown that the proposed
framework improves the accuracy of the recovery of param-
eters. We have assumed the isotropic noise process in this
work. We consider the analysis of the proposed framework

for the recovery of parameters of the FRI signal corrupted by
anisotropic noise as future work.
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