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Abstract—We study the problem of learning without forgetting
(LwF) in which a deep learning model learns new tasks without
a significant drop in the classification performance on the previ-
ously learned tasks. We propose an LwF algorithm for multilayer
feedforward neural networks in which we can adapt the number
of layers of the network from the old task to the new task. To
this end, we limit ourselves to convex loss functions in order
to train the network in a layer-wise manner. Layer-wise convex
optimization leads to low-computational complexity and provides
a more interpretable understanding of the network. We compare
the effectiveness of the proposed adaptive LwF algorithm with
the standard LwF over image classification datasets.

Index Terms—learning without forgetting, convex neural net-
works, size adaptive, low complexity

I. INTRODUCTION

The machine learning literature has been enriched by neural
networks in the past decade, pushing the state-of-the-art per-
formance and outperforming the traditional methods in differ-
ent areas, e.g., image denoising, object classification, etc [1]–
[3]. A trained neural network can achieve good classification
performance if it is tested on the same object classes which
was trained for. However, if the number of classes (tasks)
increases, the network must be updated in a way that can
preserve the knowledge learned from old classes as well. This
problem is referred to as incremental learning (IL) in the
literature [4].

In recent years, IL has attracted growing attention in the
machine learning community, finding various applications in
big data processing [5], robotics [6], automated annotation [7],
etc. In this setup, training the network by only using the new
task data, may lead to so-called catastrophic forgetting, in
which the network most likely forgets the old task if the new
task is sufficiently dissimilar [8], [9]. Therefore, there is a need
to incorporate, at least, some information from old task data
in the training process. In this light, the works in the literature
can be divided into two different categories: methods that use
samples of the old task, and methods that do not use samples
of the old task in the learning process.

In the first category, the common approach is to use a small
percentage of the old dataset Do while using the new dataset
Dn to train the network [10]–[12]. However, incrementally
storing the old tasks data increases memory requirements and
therefore, is not practical when the memory resources are
limited. In some applications such as distributed learning,
sharing the old data even raises serious privacy and security

concerns [13]. The second category of algorithms solves these
issues [8], [14]–[16]. A prominent approach in this class of
algorithms is learning without forgetting (LwF) [14] and its
variants, such as LwF-MC [11]. The main idea in LwF is
to keep the output of the old model for the new dataset
”relatively” unchanged in the training process. In this way,
one hopes to preserve some useful information about the old
task in the network while achieving an acceptable performance
on the new task. However, all of the above works require
high computational resources to train deep neural network
architectures such as CNN. Therefore, they might not be
suitable for applications where memory and computational
resources are limited, e.g., deep learning on the edge [17]. To
the best of our knowledge, the only work that addresses low-
complexity design in this setup is [12] which uses samples of
the old dataset Do to avoid catastrophic forgetting. We propose
a low-complexity LwF scheme for a multilayer feedforward
neural network that does not use the old task data.

Another shortcoming of the above works is the fact that they
are limited to a fixed-size architecture when training for the old
and new tasks. For example, consider a scenario where the old
dataset Do can be trained on a network with 5 layers without
overfitting but after adding the new dataset Dn, the network
requires 10 layers to achieve a good performance. Limiting the
architecture to have a fixed size during the training process
may lead to lower performance in the old or new task. We
propose a size-adaptive approach for LwF over a multilayer
feedforward network by using layer-wise convex optimization.

Our contribution: We extend the LwF idea [14] to be
applicable to size-adaptive multilayer feedforward neural net-
works. We refer to our proposed method as adaptive LwF
throughout the manuscript. We implement our method on a
recently proposed self size-estimating feedforward network
(SSFN) [18]. This architecture employs a combination of the
ReLU activation function and random weights to guarantee
a monotonically decreasing training cost as the number of
layers increases. This property is the key to develop an
adaptive LwF scheme. We show that adaptive LwF enjoys
low-computational complexity due to using a series of layer-
wise convex optimizations. We test the effectiveness of the
proposed method on several well-known classification datasets
with different similarity levels between the old and new tasks.
Finally, we show that a layer-wise LwF scheme leads to less
sensitivity to the hyperparameters as the network gets deeper.
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II. PRELIMINARIES

A. Learning without Forgetting

We briefly overview the concept of learning without forget-
ting [14]. Assume the old dataset (x, t) ∈ Do, x ∈ RPo and
t ∈ RQo , is used to train a neural network fW(·), where W
represents the parameters of the network. Let us define the old
trained weights as

W?
o ∈ arg min

W
Lo(t, fW(x)) +R(W), (1)

where Lo is the loss function over all samples of the old dataset
Do, and R is the regularization term to avoid overfitting, e.g.,
a simple `2-norm weight decay.

We wish to update the trained network such that it be able
to learn the mapping of the new dataset (x, t) ∈ Dn, x ∈ RPn

and t ∈ RQn , while maintaining a reasonable performance on
the old dataset Do. To this end, the main concept in LwF
idea is to keep the output of the old model for the new data,
t̂o = fW?

o
(x), x ∈ Dn, ’relatively’ unchanged in the training

process. Specifically, the update is done as follows

W?
n,W

?
o ∈ arg min

Wn,Wo

Ln(t, fWn
(x)) + λLn(t̂o, fWo

(x))

+R(Wn,Wo), (2)

where Ln is the loss function over all samples of the new
dataset Dn, Wn is the added task-specific parameters of the
network for the new dataset Dn, and λ is the loss balance
weight which we refer to it as the ’forgetting factor’ in the
rest of manuscript. A larger value of λ favors the old task
over the new task in the training process.

B. SSFN

We briefly discuss SSFN in this section for completeness.
Details can be found in [18]. SSFN is a feedforward neural
network that uses a combination of random weights and
layer-wise optimization approach to deliver a low-complexity
architecture. While the work of [18] developed the SSFN
architecture that learns its parameters and size of the network
automatically, we work with a fixed size SSFN and learn its
parameters. The number of layers L and the hidden neurons for
the l-th layer nl are fixed a-priori. For simplicity, we assume
that all layers have the same number of hidden neurons, which
means nl = n,∀l.

The SSFN parameters {Wl}Ll=1 are learned layer-by-layer
in a sequential forward learning approach. The feature vector
of l-th layer is constructed as follows

yl = g(Wl g(. . .g(W2 g(W1 x)) . . .)) ∈ Rn. (3)

The layer-by-layer sequential learning approach starts by opti-
mizing layer number l = 1 and then the new layers are added
and optimized one-by-one until we reach l = L. We define
y0 = x. Let us first assume that we have an l-layer network.
The (l + 1)-layer network will be built on an optimized l-
layer network. For designing the (l + 1)-layer network given
the l-layer network, the steps of finding parameter Wl+1 are
as follows:

1) For all the samples (x, t) in the training dataset D, we
compute yl = g(Wl g(. . .g(W1 x) . . .)).

2) Using the feature vectors {yl}, we define a training cost
Cl =

∑
(x,t)∈D ‖t − Oyl‖22. We compute the optimal

output matrix Ol by solving the convex optimization
problem

O?
l = arg min

O
Cl s.t. ‖O‖2F ≤ εl. (4)

It is shown in [18] that we can choose the regularization
parameters εl = ε = 2Q, l = 0, 1, 2, . . . , L. Note that
O0 is a Q × P -dimensional matrix, and every Ol for
l = 1, 2, . . . , L is a Q× n-dimensional amtrix.

3) We form the weight matrix for the (l + 1)-th layer

Wl+1 =

[
VQO

?
l

Rl+1

]
∈ Rn×n, (5)

where VQ = [IQ −IQ]> ∈ R2Q×Q is a fixed matrix and
Rl+1 is an instance of random Gaussian matrix. Note
that we only learn O?

l to form Wl+1. After constructing
the weight matrix according to (5), the (l + 1)-layer
network is yl+1 = g(Wl+1yl).

It is shown that the three steps mentioned above guarantee
monotonically decreasing cost Cl with increasing layer number
l, i.e., Cl ≤ Cl−1. The monotonically decreasing cost is
the key to address the LwF optimization problem (2) in an
adaptive layer-wise manner. Thus, before we proceed to design
an adaptive learning without forgetting scheme, we present
Proposition 2 of [18] in the following Remark.

Remark 1. For a given εl ≥ 2Q in the optimization (4), the
feasible point Ō = [UQ 0] leads to Cl = Cl−1, where 0 is a
zero matrix of size Q × n and UQ = [IQ − IQ]. Therefore,
any other optimal point in the feasible set leads to Cl ≤ Cl−1.

Proof. It is shown in Proposition 1 of [18] that for a single
layer feedforward network with ReLU activation function
g(·), we have UQg(VQy) = y, ∀y ∈ RQ. In addi-
tion, by construction in equation (3), we know that yl =

g(

[
VQO

?
l−1

Rl

]
yl−1). Therefore, we can conclude

Cl =
∑

(x,t)∈D

‖t− Ō yl‖22,

=
∑

(x,t)∈D

‖t− [UQ 0]yl‖22,

=
∑

(x,t)∈D

‖t−UQg(VQO
?
l−1yl−1)‖22,

=
∑

(x,t)∈D

‖t−O?
l−1yl−1‖22 = Cl−1. (6)

Note that any other optimal point in the feasible set leads to
a lower training cost compared to the previous layer because
of the convexity of the optimization problem (4).
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III. ADAPTIVE LEARNING WITHOUT FORGETTING

In this section, we propose a layer-wise update scheme for
implementing the LwF idea in SSFN architecture. Consider the
setup in Subsection II-A. We apply the update rule in equation
(2) in every layer of SSFN in a layer-wise manner. In specific,
we modify the optimization problem (4) to maintain the old
task performance as the following.

Let us define the old task dataset Do in the matrix form as
Xo ∈ RPo×No and To ∈ RQo×No , where Po and Qo are the
dimensions of the input and target, respectively, and No is the
number of samples in the new dataset. Assume an SSFN with
Lo layers is trained using the old dataset Do. In every layer
of SSFN, the convex optimization problem (4) can be written
in the regularized form as

O?
lo = arg min

Oo

‖To −OoYlo‖2F + η‖Oo‖2F , (7)

where Ylo denotes the matrix of old feature vectors yl in
equation (3). Note that the regularization hyperparameter η
requires cross-validation. After training of the network, the
set of optimized weights of all the layers {O?

lo}
Lo

l=0 is stored
in the memory.

After receiving the new dataset Dn, we wish to adapt
the network to have Ln layers while preserving the old
task performance as much as possible. Note that we assume
Ln ≥ Lo. The case of Ln < Lo can be easily handled by
truncating the old trained network, and therefore, it is not of
particular interest in practice. Let us define Xn and Tn as the
new data and target matrix, respectively. In layer l ≤ Lo, we
have access to {O?

lo}
Lo

l=0, so the update rule in equation (2)
can be simplified to the following convex form

O?
ln,O

?
lo =arg min

On,Oo

‖Tn−OnYln‖2F +λ‖O?
loYln−OoYln‖2F

+R(On,Oo), (8)

where Yln denotes the matrix of new feature vectors yl

in equation (3). After updating the first Lo layers of the
network sequentially by using (8), we don’t have access to
the optimized weight of following layers l > Lo. Therefore,
it is not possible to use (8) in order to preserve the old task
performance on the subsequent layers. Motivated by the cost-
preserving property of Ō = [UQ 0] in Remark 1, we update
the subsequent layers as follows

O?
ln,O

?
lo =arg min

On,Oo

‖Tn−OnYln‖2F +λ‖ŌYln−OoYln‖2F

+R(On,Oo). (9)

In this way, we try to preserve the old task performance
achieved at layer l = Lo in the subsequent layers as well.
In other words, by using the mapping Ō, we can provide the
previous layer estimate of the target according to (6). Detailed
steps of the proposed method is outlined in Algorithm 1.

In both of the above optimization problems, instead of using
a simple weight decay as the regularization R, we propose to

Algorithm 1 : Adaptive Learning without Forgetting
Input:

1: {O?
lo}

Lo

l=0: set of optimized weights on the old task for a
network with Lo layers

2: Xn, Tn: training data and target pairs on the new task
3: Ln: number of layers of the network for the new task
4: Q: total classes of new and old tasks Qo +Qn

Initialization:
1: l = 0
2: Y0n = Xn (Feature matrix at layer l = 0)

Adaptive growth of layers:
1: repeat
2: if l ≤ Lo then
3: Find O?

ln and O?
lo using (8)

4: else
5: Find O?

ln and O?
lo using (9)

6: end if
7: Construct O?

l =

[
O?

lo

O?
ln

]
8: Form the weight matrix Wl+1 =

[
VQO

?
l

Rl+1

]
9: Compute Y(l+1)n =g(Wl+1Yln)

10: l← l + 1
11: until l > Ln

use a weighted sum of `2-norm of On and Oo which suits
the convex framework of SSFN. In particular, we define

R(On,Oo) = η(‖Oo‖2F + λ‖On‖2F ), (10)

where the regularization hyperparameter η requires cross-
validation. This choice of regularization provides a more
interpretable understanding of the bevahior of the network with
respect to λ. In this way, we can find a closed-form expression
for the solution of (8) as follows

O?
ln = TnY

′
ln(YlnY

′
ln + ηλI)−1 (11)

O?
lo = O?

loYlnY
′
ln(YlnY

′
ln +

η

λ
I)−1. (12)

It can be easily seen that when λ → 0, we have O?
lo = 0

and O?
ln = TnY

′
ln(YlnY

′
ln)−1; meaning that we will exactly

achieve the maximum new task performance. On the other
hand, when λ→ +∞, we have O?

lo = O?
lo and O?

ln = 0, and
we will exactly achieve the maximum old task performance
as in before LwF. Similar expressions can be derived for the
optimization problem (9) as well.

IV. EXPERIMENTAL RESULTS

In this section, we carry out experiments to evaluate the
effectiveness of the adaptive LwF scheme over SSFN archi-
tecture. We set the number of hidden neurons n = 2Q+ 1000
in all the layers of the network. We report our results for three
popular datasets in the literature in Table I. We divide each
dataset into two parts: we randomly choose half of the classes
as the old task and the other half as the new task. Note that
we choose these datasets to have different similarity levels
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TABLE I: Testing classification performance comparison over SSFN architecture λ = 10 for all datasets. We set Lo = 5 and
Ln = 10 for adaptive LwF scheme. For LwF and joint training, we set L = 10.

Dataset
Joint Training LwF Adaptive LwF

old new both old new both old new both

AR 97.34 97.31 97.33 94.63 97.53 96.06 95.36 97.24 96.29

ExtendedYaleB 97.82 97.78 97.80 90.43 97.93 94.18 93.04 97.82 95.43

Caltech101 72.81 72.92 73.56 58.34 76.15 67.64 60.67 76.05 68.85
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(a) New versus old task performance at layer L = 0
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(b) New versus old task performance at layer L = 10

Fig. 1: Sensitivity of the network to λ in the first and last layer.
A larger marker size indicates a larger value for λ while being
changed over five values of 10−2, 10−1, 1, 10, 102.

between the old and new tasks in the LwF setup. AR dataset
contains a set of face images of 50 males and 50 females.
While the face images of different persons in ExtendedYaleB
are less similar due to having an unbalanced number of males
and females along with dissimilar illumination across classes.

Caltech101 dataset is even more challenging as it contains
dissimilar classes, e.g., animals, vehicles, flowers, etc.

In contrast to LwF [14], which uses multi-head evaluation,
we report test classification accuracy (top-1 accuracy) by using
single-head evaluation [10]. In multi-head evaluation, samples
from two different tasks have no chance to get misclassified
with one another. In other words, the task label of every sample
is known as a priori and only the class label is assumed
unknown. While in single-head evaluation, the task label is
unknown as well resulting in a generally much harder problem.
To account for the random partitioning of old and new datasets,
we report the average test accuracy over 10 Monte Carlo
simulation.

We carry out two sets of experiments. First, we implement
adaptive LwF over SSFN where the number of layers changes
from Lo = 5 for the old task to Ln = 10 for the new task. We
compare this performance with that of LwF over SSFN with a
fixed number of layers L = 10. We also report the performance
of joint training with L = 10 layers on the old and new tasks
as an upper bound benchmark. The test classification accuracy
in percentage for the three datasets is reported in Table I.
It can be seen that adaptive LwF consistently outperforms
standard LwF on the old task and joint testing. The reason
for this improvement is that choosing L = 10 layers for
the old task leads to overfitting while extending the network
from 5 to 10 layers can handle both tasks more accurately.
At the same time, new task performance remains relatively
unaffected resulting in higher overall performance. Note that
the performance gap between adaptive LwF and joint training
increases as we increase the difficulty of the datasets from AR
to Caltech101.

In the second set of experiments, we investigate the sensi-
tivity of the algorithm to the forgetting factor λ in Figure 1.
We analyze the behavior of old and new task performance at
layer L = 0 and L = 10 while changing λ over five values
of 10−2, 10−1, 1, 10, 102. Larger marker size indicates a
larger value of λ. It can be seen that new task performance
is less sensitive to λ when we add more layers. In other
words, new task performance can still be high on the last layer
despite having low values in the first layer of the network.
Therefore, the overall performance will be less sensitive to
cross-validation on the parameter λ. This result suggests that
deep neural networks might have a higher potential in the LwF
scenario than a shallow network.
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V. CONCLUSION

We showed that by using a layer-wise convex optimization
approach, it is possible to develop an LwF algorithm that
changes its size upon receiving the new dataset. The proposed
neural network enjoys low-computational complexity due to
the use of random weights and layer-wise training which
makes it appealing for applications with limited resources.
Generalizing this method for other neural network architec-
tures, such as CNN and RNN, is a potential future direction.
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