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Abstract—This paper deals with the problem of detecting
range-spread targets in Gaussian noise with unknown covariance
matrix. We model the received signal under the signal-plus-
noise hypothesis as the sum of noise, useful target echoes and
fictitious signals, which makes the signal-plus-noise hypothesis
more plausible in the mismatched case. An adaptive detector
is designed according to the Rao test. We prove the proposed
Rao test exhibits constant false alarm rate property against the
covariance matrix. Numerical examples show that the proposed
Rao outperforms its counterparts in the mismatched case.

Index Terms—Adaptive detection, distributed targets, constant
false alarm rate, steering vector mismatch, Rao test.

I. INTRODUCTION

Adaptive detection under the background of Gaussian noise
with unknown covariance matrix has received an increasing
attention in the past decades [1]–[10]. The adaptation here
means all unknown parameters can be estimated from the
received data during the design procedure of detectors. Based
on the criterion of generalized likelihood ratio test (GLRT),
Kelly first proposed an adaptive GLRT detector to detect point-
like targets in [11], which is deemed to be the pioneering work
in this field. Robey et al. proposed an adaptive matched filter
(AMF) in [12], which is more computationally efficient than
the GLRT detector. According to the criterion of Rao test, De
Maio proposed an adaptive detector in [13], which has strong
rejection capabilities of mismatched signals. In addition, it is
shown in [14] that the Wald test for the detection problem in
[11]–[13] is the same as the AMF. It should be pointed out that
the GLRT, AMF and Rao test exhibit the constant false alarm
rate (CFAR) properties against the noise covariance matrix.

All the studies in [11]–[13] are aimed at solving the problem
of detecting point-like targets. In practice, when the size of
the target to be detected is large or the radar resolution is
high, the echoes reflected from the target would occupy several
range cells. This type of target is called range-spread or
distributed target. To solve the problem of range-spread target
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detection, many studies have been carried out [15]–[22]. In
[23], the range-spread target is assumed to occupy entire range
cells. In this case, a detector was proposed to detect range-
spread targets in the background of white noise with known
power. When the scattering centers of the target occupy only
a part of the range cells, the detector proposed in [23] suffers
huge performance loss. Faced with this problem, researchers
considered using prior knowledge of spatial scattering intensity
to design detectors [24]. Detectors based on the GLRT, Rao
test and Wald test were proposed to address the range-spread
target detection in [25], [26].

For most of the above-mentioned studies, the steering vector
mismatches are not taken into consideration. However, mis-
matches in steering vectors often occur due to uncalibrated
arrays, waveform distortions, etc [27]–[29]. Therefore, in
practical applications, we prefer to get a detector that is robust
to mismatches. In order to address the problem of detecting
point-like targets, a framework for designing robust detectors
has been proposed in [30]. Under this framework, the received
signal under signal-plus-noise hypothesis is modeled as the
sum of noise, useful target echoes and fictitious signals, which
makes the detector more robust to mismatches. Inspired by this
framework, a robust detector based on the GLRT criterion was
proposed to solve the problem of range-spread target detection
in [31]. Since there exists no uniformly most powerful (UMP)
test for the range-spread target detection (noise covariance
matrix is unknown), it is feasible to design the detector by
using some criteria other than the GLRT.

In this paper, we consider the range-spread target detection
problem in the case of signal mismatch in Gaussian noise with
unknown covariance matrix. We model the received signal
under signal-plus-noise hypothesis as the sum of noise, useful
target echoes and fictitious signals. The fictitious signals are
added to make the signal-plus-noise hypothesis more plausible,
and hence renders the detector more robust to the steering
vector mismatches. Based on the criterion of Rao test, an
adaptive detector is derived, which exhibits the CFAR property
against the covariance matrix. Simulation results show that
the proposed Rao test exhibits the strongest robustness in the
mismatched case.
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The remainder of this paper is organized as follows.1 In
Section II, we formulate the problem of distributed target
detection. Based on the design criteria of Rao test, a detector
is proposed in Section III. Section IV proves the CFAR
properties of the proposed detector against the noise covari-
ance matrix. Numerical examples are provided in Section V.
Finally, the paper is summarized in Section VI.

II. PROBLEM FORMULATION

Suppose that data are collected from a pulsed Doppler radar
system which sends N pulse trains in a coherent processing
interval (CPI). We examine the problem of detecting the
presence of a range-spread target across K range cells. Denote
the data in the kth range cell by an N × 1 column vector
xk, k = 1, 2, . . . ,K. These data xk are usually called primary
data or test data. The detection problem is equivalent to
making a decision between hypothesis H0 and hypothesis H1,
where H0 means xk only contains noise nk and H1 means
xk contains noise nk and a signal of interest sk. To make H1

more plausible, a fictitious component ξk is added under H1

[31], which hopefully improves the robustness of the detector
in the case of target steering vector mismatch2. Precisely, xk

under H1 can be written as

xk = αkv + nk + ξk, k = 1, 2, . . . ,K, (1)

where αk is an unknown complex scalar accounting for the
target reflectivity and channel propagation effects, v ∈ CN×1

is a known target steering vector, nk ∈ CN×1 is the noise in
the kth range cell.

Assume that nk has independent and identically distributed
(IID), complex, circularly symmetric, Gaussian distribution
with zero mean and unknown (Hermitian) positive definite
matrix R, i.e., nk ∼ CN (0,R) for k = 1, 2, . . . ,K. The
fictitious signals ξk, k = 1, 2, . . . ,K, are assumed to be
IID, complex, circularly symmetric, Gaussian vector with zero
mean and a covariance matrix γΣ, i.e., ξk ∼ CN (0, γΣ). The
parameter γ is used to control the robustness of the detector
and the matrix Σ is designed to capture some leakage of the

1Notation: Vectors (matrices) are denoted by boldface lower (upper) case
letters. Superscripts (·)∗, (·)T and (·)H denote complex conjugate, transpose
and complex conjugate transpose, respectively. Rm×n and Cm×n are real and
complex matrix spaces of dimension m×n. In stands for an identity matrix of
n×n, 0m×n represents a null matrix of dimension m×n and Un represents
a unitary matrix of dimension n× n. The notation ∼ means ” be distributed
as ”, CN (µc,Rc) denotes a circularly symmetric, complex-valued Gaussian
distribution with mean µc and covariance matrix Rc, N (µr,Rr) represents
a real-valued Gaussian distribution with mean µr and covariance matrix Rr ,
CW(N,M,R) denotes the N -dimensional real-valued Wishart distribution
with M degrees of freedom and scale matrix R, and E(·) is the statistical
expectation. ⊗ is the Kronecker product. The matrix PB = B(BHB)−1BH

is the projection matrix onto the subspace spanned by the columns of the
matrix B, and P⊥

B = I−PB. vec(B) vectorizes B by stacking its columns.
| · | represents the determinant of a matrix and the modulus of a scalar, when
the argument is a matrix and a scalar, respectively. ∥ · ∥ is the Euclidean
norm of a vector. Re(·) and Im(·) represent the real and imaginary parts of
a complex quantity, respectively. Tr(·) denotes the trace of a square matrix,
and ȷ =

√
−1.

2The idea of adding a fictitious signal under some hypothesis can also be
found in [32], where the fictitious signal is added under H0 to improve the
mismatched discrimination performance (i.e., selectivity).

signal caused by mismatches, which makes the detector more
inclined to decide for H1 in the mismatched case [31]. In
the following discussion, we chose Σ = R. It is reasonable
when prior knowledge about the mismatch is not available
[31]. Suppose further that the fictitious term ξk is independent
of the noise term nk. It is easy to check xk has the following
distribution

xk ∼ CN (αkv, (1 + γ)R), k = 1, 2, . . . ,K. (2)

In addition to primary data xk, a set of secondary data
{ẋl}Ll=1 is often assumed to be available, which can be used
to estimate R. These secondary data free of the target echoes
are usually collected in the vicinity of the primary data.

Under the assumptions above, the range-spread target de-
tection problem at hand turns out to be the following binary
hypothesis test

H0 :

{
xk ∼ CN (0,R), k = 1, 2, · · · ,K,

ẋl ∼ CN (0,R), l = 1, 2, · · · , L,
(3a)

H1 :

{
xk ∼ CN (αkv, (1 + γ)R), k = 1, 2, · · · ,K,

ẋl ∼ CN (0,R), l = 1, 2, · · · , L,
(3b)

where αk,R and γ ≥ 0 are unknown, v is a known vector. It
is needed to emphasize that the hypothesis H1 in the detection
problem (3) is different from that in [25], [26], since the term
γR is added to the noise covariance matrix R.

Note that the GLRT-based detectors for the detection prob-
lem in (3) were derived in [31]. However, there is no UMP
test for the detection problem in (3). Hence, we design a new
detector according to the criterion of Rao test in the following.

III. ROBUST RAO DETECTION

To solve the detection problem in (3), we resort to the design
principle of Rao test. For future reference, we denote by

• X = [x1, . . . ,xK ] ∈ CN×K and XL = [ẋ1, . . . , ẋL] ∈
CN×L the primary and secondary data matrices, respec-
tively;

• α = [α1, . . . , αK ]T ∈ CK×1 a K-dimensional column
vector;

• Xα = [x1 − α1v, . . . ,xK − αKv] ∈ CN×K the ma-
trix with useful signal components removed under H1

hypothesis;
• Θr = [Re(α1), Im(α1), . . . ,Re(αK),Im(αK), γ]T ∈

C(2K+1)×1 the relative parameters. In the detection prob-
lem (3), we can see that parameter γ is related to the
target signal, so it makes sense to put parameter γ in the
relative parameters;

• Θs = vec(R) ∈ CN2×1 the nuisance parameters;
• Θ = [ΘT

r ,Θ
T
s ]

T ∈ C(2K+N2+1)×1 the parameter col-
umn vector.

Here, we derive a detector based on the Rao test. First, we
assume that the noise covariance matrix R is known. The PDF
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of X under hypothesis H1 can be expressed as

f1(X|R, γ,α) =
π−NK

(1 + γ)NK |R|K
e−tr

(
1

1+γ R−1XαXα
H
)
.

(4)
The design criterion of Rao test for the problem at hand is
[33]

∂lnf1(X|Θ)

∂Θr

∣∣∣∣T
Θ=Θ̂0

[
I−1(Θ̂0)

]
ΘrΘr

∂lnf1(X|Θ)

∂Θr

∣∣∣∣
Θ=Θ̂0

, (5)

where Θ̂0 is the MLE of Θ under H0, I(Θ) is the Fisher
information matrix (FIM) with respect to (w.r.t.) Θ, and
[I−1(Θ)]ΘrΘr is part of the inversion of the I(Θ). The I(Θ)
can be partitioned as

I(Θ) =

[
IΘr,Θr(Θ) IΘr,Θs(Θ)
IΘs,Θr(Θ) IΘs,Θs(Θ)

]
, (6)

and [
I−1(Θ)

]
Θr,Θr

=
[
IΘr,Θr(Θ)− IΘr,Θs(Θ)

× I−1
Θs,Θs

(Θ)IΘs,Θr(Θ)
]−1

.
(7)

In order to get the FIM, we need to take the derivative of
the logarithm of (4) w.r.t. Θr. For our problem it can be easily
shown that

∂lnf1(X|R, γ,α)

∂Re(αk)
=

2Re{vHR−1(xk − αkv)}
1 + γ

, (8)

∂lnf1(X|R, γ,α)

∂Im(αk)
=

2Im{vHR−1(xk − αkv)}
1 + γ

, (9)

∂lnf1(X|R, γ,α)

∂γ
=

tr(R−1XαX
H
α )

(1 + γ)2
− NK

1 + γ
. (10)

According to (8)–(10), we can obtain the derivative of the
logarithm of (4) w.r.t. Θr evaluated at Θ̂0 as

∂lnf1(X|Θ)

∂Θr

∣∣∣∣
Θ=Θ̂0

= 2

[
Re(vHR−1x1),Im(vHR−1x1), . . . ,

Re(vHR−1xK), Im(vHR−1xK),
tr(R−1XXH)−NK

2

]T
.

(11)

The blocks of the FIM can be obtained as follows

IΘr,Θr(Θ) = −E

[
∂2lnf1(X|R, γ,α)

∂Θ∗
r∂Θ

T
r

]
=

[
2

1+γv
HR−1vI2K 02K×1

01×2K
NK

(1+γ)2

]
,

(12)

IΘs,Θr(Θ) = −E

[
∂2lnf1(X|R, γ,α)

∂Θ∗
s∂Θ

T
r

]
=

[
0N2×2K vec

(
K

1+γR
−1

) ]
,

(13)

IΘr,Θs(Θ) = −E

[
∂2lnf1(X|R, γ,α)

∂Θ∗
r∂Θ

T
s

]
=

[
02K×N2

vecT
(

K
1+γR

−T
) ]

,

(14)

and

IΘs,Θs(Θ) = −E

[
∂2lnf1(X|R, γ,α)

∂Θ∗
s∂Θ

T
s

]
= (K + L)R−T ⊗R−1.

(15)

Plugging (12), (14), (13) and (15) into (7) leads to

[
I−1(Θ)

]
Θr,Θr

=

[ 2
1+γv

HR−1vI2K 02K×1

01×2K c0

]−1

, (16)

where

c0 =
NKL

(K + L)(1 + γ)2
. (17)

According to (16), the
[
I−1(Θ)

]
ΘrΘr

evaluated at Θ̂0 is

[
I−1(Θ̂0)

]
ΘrΘr

=

[
(2vHR−1vI2K)−1 02K×1

01×2K c1
−1

]
, (18)

where

c1 =
NKL

K + L
. (19)

Substituting (11) and (18) into (5) leads to the Rao test with
known R

tRao|R = bT (2vHR−1vI2K)−1b+ c1
−1c2

2, (20)

where c2 = tr(R−1XXH) − NK, and b =[
bR1, bI1, . . . , bRK , bIK

]T
, with bRk = 2Re

(
vHR−1xk

)
,

and bIk = 2Im
(
vHR−1xk

)
.

Define S as the sample covariance matrix (SCM), i.e.,

S =
1

L
XLXL

H . (21)

Replacing R in (20) with S, after some algebra, yields a more
compact representation of the Rao test

tRao = 2LtGAMF +
K + L

NKL
ĉ22, (22)

where tGAMF is the generalized adaptive matched filter, i.e.,

tGAMF =
vHS−1

0 XXHS−1
0 v

vHS−1
0 v

, (23)

and

ĉ2 = tr(S−1XXH)−NK. (24)
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Fig. 1. PD versus cos2ϕ, N = 16, SNR = 21 dB, L = 32.

IV. CFAR ANALYSIS

Note that the Rao test in (22) is related to two quantities
tGAMF and ĉ2. It has already been proven in [25] that tGAMF

is independent of the covariance matrix R under H0. Now, we
only need to prove ĉ2 under H0 has a distribution independent
of R, if we want to prove the CFAR property of the proposed
Rao test.

Let S̄ = R−1/2SR−1/2, and X̄ = R−1/2X. We observe
that

tr(S−1XXH) = tr(XHS−1X) = tr(X̄H
u S̄−1

u X̄u), (25)

where

S̄u = UH
N S̄UN ∼ CW(N,K, IN ⊗ IN ), (26)

and
X̄u = UH

NX̄ ∼ N (0, IN ⊗ IK). (27)

Obviously both X̄u and S̄u are independent of R. As a result,
ĉ2 is independent of R.

Note taht the CFAR property of the GAMF has been
described in [25], hence the proposed Rao test exhibits the
CFAR property against the noise covariance matrix R.

V. NUMERICAL EXAMPLES

In this section, we assess the performance of the proposed
detectors by Monte Carlo simulation. Assume that a pulsed
Doppler radar is used and the number of pulses in a CPI is
N = 16. The probability of false (PFA) is set to be 10−4. In
order to obtain the detection threshold and the probability of
detection (PD), 100/PFA and 104 independent trials are used,
respectively.

Base on the simplified model for the spectral shape in
[34], we construct R as the sum of a colored noise covari-
ance R1 plus a thermal noise matrix 10 dB weaker, i.e.,
R = R1 + σ2

nIN . The (i, j)th element of R1 is chosen
as [R1]i,j = exp[−2π2σ2(i − j)2]. We assume σ = 0.05,
which corresponds to a one-lag correlation coefficient of ρ =
exp(−2π2σ2) = 0.95. The target steering vector v is selected
as v = [1, eȷ2πfd , . . . , eȷ2π(N−1)fd ]T , where fd = 0.08 is
the normalized Doppler frequency. The signal-to-noise ratio
is defined as

SNR =

K∑
k=1

|αk|2pHR−1p. (28)

To analyze the robustness of the detectors, we define the
mismatch between v and true target steering vector (denoted
by p) is

cos2ϕ =
|vHR−1p|2

(vHR−1v)(pHR−1p)
, (29)

where ϕ is the angle between assumed steering vector v and
actual steering vector p. In the case of mismatch, the Doppler
frequency of p is fd + δ/N . It is worth noting that δ = 0
(cos2ϕ = 1) corresponds to the matched case, while δ = 0.5
implies cos2ϕ = 0.30.

For comparison purposes, the parametric GLRT (PGLRT)
[31, eq. (14)], the GLRT [25, eq. (12)], the GAMF [25, eq.
(25)] and the generalized adaptive subspace detector (GASD)
[25, eq. (26)] are considered.

Fig. 1 shows the detection probability versus cos2ϕ for the
case of SNR = 21 dB. It can be seen that the proposed Rao
test processes the strongest robustness against the mismatches.
More specifically, when cos2ϕ changes from 1 to 0, the
performance of the proposed Rao test is basically unchanged,
while its counterparts suffer huge performance losses with
the increases in the mismatches. The strong robustness of the
proposed Rao test in the mismatched case is obtained at the
price of performance losses in the matched case.

VI. CONCLUSIONS

We have considered the range-spread target detection prob-
lem in Gaussian noise with unknown covariance matrix. To
make H1 more plausible in the mismatched case, we model
the received signal under H1 as the sum of noise, useful target
echoes and fictitious signals. According to the criterion of Rao
test, we have designed an adaptive detector. The proposed Rao
test shows the CFAR property against the covariance matrix.
Simulation results demonstrate that the proposed Rao test has
the strongest robustness in the mismatched case, at the price
of sacrificing performance in the matched case.
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