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Abstract— The paper focuses on joint design of transmit
waveform and mismatched filter to achieve low sidelobe level for
improving the resolution of pulse compression (PC). An Lp-norm,
p ≥ 1, of the power ratio of sidelobe to mainlobe levels is used in
the corresponding PC optimization problem as a metric. The use
of Lp-norm minimization contains as special cases the integrated
sidelobe level and peak sidelobe level (PSL) minimization
problems which corresponds to specific selections of different p
values. The main contribution of this work is the development of a
new iterative algorithm to solve the aforementioned optimization
problem. It is based on using Dinkelbach’s scheme together
with majorization minimization method. The computational
complexity of the proposed algorithm is also analyzed. Numerical
examples demonstrate that waveforms and mismatched filters
designed by using the proposed method produce lower PSL than
the existing counterparts.

Index Terms—Transmit waveform; receive filter; sidelobe
levels; Dinkelbach algorithm; majorization minimization

I. INTRODUCTION

The problem of sidelobe suppression has been attracting
a lot of research attention because it enables to improve
resolution of pulse compression (PC) in radar detection. In
general, optimization of mismatched filter [1] and design of
transmit waveforms [2] are two ways to suppress sidelobes.
With respect to the mismatched filter design, several methods
have been developed in the last decade. The method of
Lagrange multipliers presented in [1] minimizes the Lp-norm
of the sidelobe energies. In [3] and [4], the second-order
cone programming (SOCP)-based formulations for sidelobe
suppression problem have lead to some efficient methods. With
respect to the transmit waveform design, iterative approaches
for waveform design with low autocorrelation (AC) sidelobes
have been suggested. Among such approaches are the cyclic
algorithm new (CAN) [5], majorization minimization-based
integrated sidelobe level (MISL) approach [6], [7], a heuristic
approach based on the coordinate descent (CD) [8], and
Lagrange programming neural network-alternating direction
method of multipliers (LPNN-ADMM) [9].
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under Grant 61471295; in part by the Central University Funds under Grant
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Joint design of transmit waveform and mismatched filter
is an alternative way to reduce sidelobes. In [10] and [11],
gradient descent-based methods for joint transmit waveform
and receive mismatched filter design have been developed to
minimize the peak sidelobe level (PSL).

To enrich the study on joint design of transmit waveform
and mismatched filter and provide alternative and efficient
methods, we develop here a joint design method with an
objective of minimizing either integrated sidelobe level (ISL)
or PSL. Our joint design problem is first formulated where an
Lp-norm, p ≥ 1, of the power ratio of sidelobe to mainlobe
levels is used, which contains as special cases both ISL, for
p = 1, and PSL, for p = ∞, minimization objectives. Then
a new iterative algorithm is proposed to solve the Lp-norm
problem of joint transmit waveform and mismatched filter
design by employing the Dinkelbach’s algorithm [12] and
majorization minimization (MM) method [13]. In addition,
we investigate the computational complexity of the proposed
algorithm. Finally, we demonstrate the efficiency of the
proposed method in terms of simulation examples.

Notations: Boldface uppercase and lowercase letters
represent the matrices and vectors, while standard letters
denote scalars. The notations (·)∗, (·)T , and (·)H are used for
the conjugate, transpose, and conjugate transpose operations,
respectively. Moreover, tr(·) and vec(·) denote the trace and
matrix vectorization operators, respectively, while | · | stands
for the absolute value of a real-valued scalar or the modulus
of a complex number, or the elements number of a set. The
notation ∥·∥ is reserved for the L2 norm of a matrix (Frobenius
norm) or a vector, a+ = max{a, 0} and a− = min{a, 0} for
the real-valued variable a. Finally, Cm×n denotes the m× n
complex matrix space, j =

√
−1 is reserved for imaginary

one, ℜ{·} denotes the real part of a complex variable, In stands
for the identity matrix of size n × n, and Om×n represents
the matrix of all zeros of size m× n.

II. PROBLEM FORMULATION

Let x = [x(1), · · · , x(N)]T and h = [h(1), · · · , h(M)]T

denote the transmit waveform of length N and the vector
of receive mismatched filter coefficients of length M . These
will be our design variables throughout the paper. The integer
numbers N and M should satisfy the equality M = N + 2L
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where L ≥ 0 [3]. The correlation rl between x and h is given
by rl = hHJlx, l = 0, · · · ,±(N + L − 1), where Jl is an
M ×N matrix with the (m,n)th entry being

Jl(m,n) =

{
1 if n = m+ l − L

0 otherwise
. (1)

Then the PC of x and h is |rl|2.
For the discrete time delay set Ω ⊆ {−(N + L −

1), · · · ,−1, 1, · · · , N + L − 1}, the ISL, PSL and Lp-norm
of the power ratio of sidelobe to mainlobe levels are the three
commonly used metrics to measure the sidelobe level of PC.
They are given respectively by∑

l∈Ω

(
|hHJlx|2

|hHJ0x|2

)
(2)

max
l∈Ω

(
|hHJlx|2

|hHJ0x|2

)
(3)

and (∑
l∈Ω

(
|hHJlx|2

|hHJ0x|2

)p
)1/p

, (4)

where p ≥ 1 [1], [3].
Note that:
1) The power ratio of sidelobe level to mainlobe level is

used in all three metrics.
2) If p = 1, (4) is equivalent to the ISL metric, while

(4) is equivalent to the PSL metric if p = +∞.
Thus, different values of p ∈ [1,+∞) lead to different
tradeoffs between ISL and PSL. The latter means that
(4) is a generalized metric.

3) If (4) achieves its minimum value at the point h⋆, the
minimum can be also achieved at the point kejθh⋆ for
arbitrary real values k ̸= 0 and θ. In other words,
the minimum of (4) is unique only up to a scalar
multiplication and phase rotation. To avoid the scale
ambiguity, we let ∥h∥2 = α with α > 0 being the
filter’s power.

4) The constant modulus constraints |xn| = β (β >
0), n = 1, · · · , N are required to maximize the
efficiency of radar amplifier.

Now we can formulate the joint design problem of the
matched filter and transmit waveform as follow:

min
x,h

∑
l∈Ω |hHJlx|2p

|hHJ0x|2p
,

s.t. |xn| = β, n = 1, · · · , N,

∥h∥2 = α. (5)

Let y ,
[

h
x

]
∈ C(M+N)×1. We can then write rl as:

rl = yH J̃ly, l = 0, · · · ,±(N + L− 1), (6)

and thus, the optimization problem (5) can be expressed as

min
y

g(y)

s.t. |y(n+M)| = β, n = 1, · · · , N,
M∑
n=1

|y(n)|2 = α (7)

where the objective g(y) becomes g(y) =
∑

l∈Ω |yH J̃ly|2p

|yH J̃0y|2p
≥

0 with J̃l denoting J̃l =

[
OM×M Jl

ON×M ON×N

]
∈

R(M+N)×(M+N), l = 0, · · · ,±(N + L− 1).

III. PROPOSED ALGORITHM

In this section, we develop an efficient algorithm for
solving problem (7) based on Dinkelbach algorithm [12],
[14], [15] and MM method. We name it as iterative
majorization Dinkelbach’s algorithm (IMDA). We also analyze
the computational complexity of the proposed IMDA and
explain how to accelerate it by using the squared iterative
method (SQUAREM) [16].

Dinkelbach’s algorithm is a superlinearly convergent
method developed for fractional programming problems with
nonincreasing monotonic objectives just like our problem (7).
It is an iterative algorithm, and applied to (7), it leads to the
following t-th iteration:

min
y

g̃t(y)

s.t. |y(n+M)| = β, n = 1, · · · , N,
M∑
n=1

|y(n)|2 = α (8)

where g̃t(y) =
∑

l∈Ω |yH J̃ly|2p − k{t}|yH J̃0y|2p with k{t}

being updated as

k{t} =

∑
l∈Ω |(y{t})H J̃ly

{t}|2p

|(y{t})H J̃0y{t}|2p
≥ 0. (9)

Since problem (8) is still non-convex, the MM
method is used to solve it. Particularly, for the problem
minx f(x) s.t. x ∈ X , f̃(x, x♮) is a “majorizer” of the
function f(x) at the point x♮ if it satisfies f̃(x, x♮) ≥ f(x),
x ∈ X , and f̃(x♮, x♮) ≥ f(x♮). One key step of MM is to
find a “majorizer” problem. The latter can be constructed by
using the following lemmas.

Lemma 1. (Lemma 1 in [6] ): Let N ×N matrices L and M
be Hermitian such that M ≽ L. Then for any point x0 ∈ CN ,
the “majorizer” of quadratic function xHLx at the point x0 is
given by

xHMx+ 2ℜ{xH(L−M)x0}+ xH
0 (M− L)x0. (10)

Lemma 2. (Lemma 1 in [17]): The “majorizer” of f(x) =
xq with integer q ≥ 2 and x ∈ [0, µ] at ∀x0 ∈ [0, µ) is given as

ax2 + 2bx+ c (11)
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where a =
µq−xq

0−qxq−1
0 (µ−x0)

(µ−x0)2
, b = qxq−1

0 − 2ax0, and c =

ax2
0 − (q − 1)xq

0.
Lemma 3. For a =

µq−xq
0−qxq−1

0 (µ−x0)
(µ−x0)2

, b =
qxq−1

0

2 − ax0,
and integer q ≥ 2, the inequality b ≤ 0 holds if x0 ∈[
0, µ( 2q )

1/(q−2)
)

.
The proof is given by fairly straightforward calculations,

and therefore is omitted here because of the space limitations.
Let it represent the it-th MM iteration and r

[it]
l =

(y[it])H J̃ly
[it], n = 0, · · · ,±(N − 1). The objective function

of (8), g̃t(y), can be expressed as the following function with
respect to rl: ∑

l∈Ω

|rl|2p − k{t}|r0|2p. (12)

Applying Lemma 2 for the first term of (12), we obtain∑
l∈Ω

|rl|2p ≤
∑
l∈Ω

(a
[it]
l |rl|2 + 2b

[it]
l |rl|+ c

[it]
l ), (13)

where a
[it]
l =

(µ[it])2p−|r[it]l |2p−2p|r[it]l |2p−1(µ[it]−|r[it]l |)
(µ[it]−|r[it]l |)2

, b[it]l =

p|r[it]l |2p−1 − a
[it]
l |r[it]l |, c[it]l = a

[it]
l |r[it]l |2 − (2p− 1)|r[it]l |2p,

µ[it] > |r[it]l |p1/(2p−2), and the equality is achieved at the
point rl = r

[it]
l , l ∈ Ω.

Moreover, applying Lemma 1 twice for |rl|2, l ∈ Ω, we
obtain

|rl|2 ≤λ̌ly
Hy + 2ℜ{yH(J̌l − λ̌l)y

[it]}
+ (y[it])H(λ̌l − J̌l)y

[it] + 2λ̂l(α+Nβ)2 + ĉ

= 2ℜ{yH(J̌l − λ̌l)y
[it]}+ č, (14)

where J̌l = (r
[it]
l )∗J̃l + r

[it]
l J̃H

l , λ̌l = 2|r[it]l |, ĉ and č are
constants, and the equality is achieved at the point y = y[it].
Note also here that according to the inequality for µ[it] below
(13), |r[it]l | ∈

[
0, µ[it]

p1/(2p−2)

)
∈
[
0, µ[it]

)
holds. The latter

means that the inequality b
[it]
l ≤ 0 holds due to Lemma 3.

Note that

|rl| ≥
1

|r[it]l |
ℜ
{
(r

[it]
l )∗rl

}
. (15)

Multiplying both sides of (15) by 2b
[it]
l , we obtain

2b
[it]
l |rl| ≤

2b
[it]
l

|r[it]l |
ℜ
{
(r

[it]
l )∗rl

}
. (16)

For l = 0, · · · ,±(N + L− 1), let

J̄l =
b
[it]
l

|r[it]l |
((r

[it]
l )∗J̃l + (r

[it]
l )J̃H

l ), λ̄l = 2|b[it]l |. (17)

Using the fact that rl = yH J̃ly, Lemma 1, and the fact that
yHy = α+Nβ, we obtain

2b
[it]
l ℜ{(r[it]l )∗rl} = yH J̄ly

≤λ̄l(y
Hy + (y[it])Hy[it])

+ 2ℜ{yH(J̄l − λ̄lIM+N )y[it]} − (y[it])H J̄ly
[it]

=2ℜ{yH(J̄l − λ̄lIM+N )y[it]}+ c̄n, (18)

where c̄n is a constant. Thus, ignoring the constant terms, the
“majorizer” of 2b[it]l |rl| at the point y[it] can be found to be

2ℜ{yH(J̄l − λ̄lIM+N )y[it]}. (19)

The second term of (12) is concave since |r0|2p is convex
and k{t} ≥ 0. Using the first order Taylor’s expansion of the
concave function −k{t}|r0|2p, we obtain

− k{t}|r0|2p

≤− k{t}|r[it]0 |2p − 2pk{t}|r[it]0 |2(p−1)ℜ{(r[it]0 )∗(r0 − r
[it]
0 )}

=(2p− 1)k{t}|r[it]0 |2p + 2b
[it]
0 ℜ{(r[it]0 )∗r0}, (20)

where b
[it]
0 = −pk{t}|r[it]0 |2p−1 ≤ 0, and the equality is

achieved at the point rl = r
[it]
l . Similar to (18), ignoring the

constant terms, a “majorizer” of 2b[it]0 ℜ{(r[it]0 )∗r0}, and thus,
a “majorizer” of −k{t}|r0|2p at the point y[it] is given by

2ℜ{yH(J̄0 − λ̄0IM+N )y[it]}, (21)

where J̄0 and λ̄0 are defined in (17) for l = 0.
Combining (14) and (19) with (21) and again ignoring the

constant terms, a “majorizer” of (13) at y[it] is given by

min
y

− 2ℜ{yH â[it]}

s.t. |y(n+M)| = β, n = 1, · · · , N,
M∑
n=1

|y(n)|2 = α, (22)

where

â[it] =

(
λ̄0 +

∑
l∈Ω

(a
[it]
l λ̌l + λ̄l)

)
y[it]

−

(
J̄0 +

∑
l∈Ω

(a
[it]
l J̌l + J̄l)

)
y[it]. (23)

Let â[it]u = [â[it](1), · · · , â[it](M)]T and â
[it]
d = [â[it](M +

1), · · · , â[it](M +N)]T . The closed-form solution to (22) can
be then expressed as

y[it+1] =

[
â
[it]
u /∥â[it]u ∥
ej∠(â

[it]
d )

]
. (24)

The iterates (24) repeat until a stopping condition, for
example, ∥y[it+1]−y[it]∥

∥y[it]∥ < 10−3, is satisfied. Then y is
updated as

y{t+1} = y[it+1] (25)

followed by increasing t to t+ 1 and repeating (8)-(25) until
stopping condition is satisfied.
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A. The IMDA Flow

The flow of the proposed IMDA for solving (7) is as
follows:
—————————————————————————
Flow of IMDA
—————————————————————————
Initialize: t = 0 and y{0} =

[
h{0}

x{0}

]
. Assign values to

the stopping criteria δo and δi, and the maximum number of
iterations To.
Step 1: Update k{t} according to (9) and write the t-th
iteration Dinkelbach problem of (7) according to (8).
Step 2: Use the MM method to solve (8):

Initialize: it = 0 and y[0] = y{t}.
Step 2.1: Calculate â[it] and y[it+1] using (23) and (24),

respectively.
Step 2.2: If ∥y[it+1]−y[it]∥

∥y[it]∥ ≤ δi is met, go to step 3;
otherwise, increase it to it + 1 and go to step 2.1.

Step 3: Update y{t+1} = y[it+1].
Stop and output h = [y{t+1}(1), · · · , y{t+1}(M)]T and x =

[y{t+1}(M+1), · · · , y{t+1}(M+N)]T if ∥y{t+1}−y{t}∥
∥y{t}∥ ≤ δo

or t ≥ To. Otherwise, increase t to t+ 1 and go to Step 1.
—————————————————————————

B. Complexity

For each MM iteration of the proposed IMDA, the
computational complexity is dominated by the number of flops
required for updating â[it]. As shown in (23), calculating
â[it] requires computing J̌ly

[it], J̄ly
[it], r

[it]
l , and |r[it]l |2p.

Operation (·)2p requires about 2p log2(2p) flops, J̃ly and J̃H
l y

require N and M flops, respectively, due to the fact that both
matrices J̌l and J̄l are linear combinations of r∗l J̃l and rlJ̃

H
l

according to equations below (14) and (17). Then rl requires
about N flops. Therefore, the computational complexity of
updating â[it] is O(|Ω|(M +2p log2(2p))), which is the same
as that for the methods in [10] and [11]. Moreover, the IMDA
can be accelerated by using SQUAREM [16] which requires
about |Ω|(M + 2p log2(2p)S̄) flops per MM iteration, where
S̄ is a mean iteration number of SQUAREM used.

IV. NUMERICAL EXAMPLES

A. Effect of SQUAREM on the Convergence of the IMDA

First, we study the effect of SQUAREM on the convergence
of the proposed IMDA. The proposed IMDA without
SQUAREM-based acceleration is denoted as “IMDA-II” and
with the acceleration as “IMDA-I”.

We consider the transmit waveform x and mismatched filter
h design of lengths N = 128 and M = 256, respectively,
i.e., L = 64. Let α = N and β = 1. The sidelobe set
is Ω = {−(N + L − 1), · · · ,−1, 1, · · · , N + L − 1}. The
parameters of the IMDA are set as p = 10, δo = δi = 10−5,
and To = 200. The initial transmit waveform x{0} is a
Golomb sequence and the mismatched filter is initialized as
h{0} = [0T

L×1 (x{0})T 0T
L×1]

T .
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Fig. 1: Convergence and acceleration effect on the IMDA.

The results for the non-accelerated and accelerated
implementations of the proposed IMDA are shown in Fig. 1
in terms of PSLs (for p = 10) versus number of iterations.
It can be seen from the figure that both implementations of
the proposed IMDA show convergence whether SQUAREM is
used or not. However, IMDA-I converges faster than IMDA-II,
and the achieved PSL by IMDA-I (−58.07dB) is lower than
that of IMDA-II (−49.33dB). Therefore, the IMDA with
SQUAREM-based acceleration is preferable, and we used only
the implementation with acceleration in the next experiment.
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Fig. 2: Histogram of PSLs produced by the proposed IMDA.

B. Different Initializations

To investigate the sensitivity of the IMDA to different
initializations, in this example, we run the IMDA for 100
Monte Carlo trials with unimodular sequence x(0) of length
N = 128 initialized by CAN [5]. The parameters of the IMDA
are p = 10, δo = δi = 10−5, and other parameters are set the
same as those in Section IV-A. For comparison, we also run the
methods proposed in [10] (with optimally selected parameters
α = 0, β = 0.3, m = 20, and µ = 2) and [11] (with optimally
selected parameters ρ = 20, µ = 5 × 10−5, and pattern g is
of −70dB PSL) with the same 100 initial CAN sequences.
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Fig. 3: Histogram of PSLs produced by the method of [10].

The histograms of PSLs for different methods tested are
plotted in Figs. 2-4. The histograms indicate that the PSLs
corresponding to the transmit waveform and mismatched filter
designed by the IMDA initialized for different initial CAN
sequences are different. However, compared with the methods
of [10] and [11], the IMDA produces lower PSLs.

Finally, we plot the PCs corresponding to the best PSLs
of the three aforementioned methods and also the algorithm
developed [9]. The results are shown in Fig. 5. It can be
seen from the figure that PSL of the IMDA (−49.27dB)
is significantly lower than that obtained by the algorithms
proposed in [9] (−34.18dB), [10] (−41.37dB), and [11]
(−40.88dB). A lower PSL can be obtained by choosing
a good initialization, such as Golomb sequences shown in
Section IV-A (−58.07dB).

-42 -40 -38 -36 -34 -32

PSL (dB)

0

5

10

15

C
o

u
n

t 
N

u
m

b
e
r

Fig. 4: Histogram of PSLs produced by the method of [11].

V. CONCLUSION

The joint transmit waveform and mismatched filter design
problem has been considered here as the minimization of the
Lp-norm of the power ratio of sidelobe to mainlobe levels.
Since both ISL and PSL are special cases of our formulation,
it can turn to ISL and PSL minimization flexibly. An efficient
algorithm for solving this problem named as IMDA based on
Dinkelbach’s algorithm and MM method has been developed,
and its efficiency has been demonstrated throughout simulation
examples.
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Fig. 5: PCs of the IMDA and methods of [9], [10], and [11].
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