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Abstract—We propose a robust approach to recovering the
jointly-sparse signals in the presence of outliers. We formulate
the recovering task as a minimization problem involving three
terms: (i) the minimax concave (MC) loss function, (ii) the MC
penalty function, and (iii) the squared Frobenius norm. The
MC-based loss and penalty functions enhance robustness and
group sparsity, respectively, while the squared Frobenius norm
induces the convexity. The problem is solved, via reformulation,
by the primal-dual splitting method, for which the convergence
condition is derived. Numerical examples show that the proposed
approach enjoys remarkable outlier robustness.

Index Terms—robustness, minimax concave function, jointly-
sparse signals, multiple measurement vector problem, feature
selection

I. INTRODUCTION

Outlier, or impulsive noise, is one of the major causes
of performance degradation in signal processing, machine
learning, data analysis, etc. In this paper, we present a robust
approach with provable global convergence using a certain
“nonconvex” loss function, for recovering jointly-sparse vec-
tors (sharing a common support). In fact, the jointly-sparse
recovery problem has widely been studied in several different
contexts. We briefly review the history of multiple measure-
ment vector (MMV) problem and feature selection.

The MMV problem aims to recover multiple sparse vectors
sharing the same support from measurements, encountered in
many applications [1]–[3]. A typical formulation for the MMV
problem is given as follows:

min
X∈X

‖X‖2,0 s.t. B = XA, (1)

where X := [x1 . . .xd] ∈ X := Rn×d, B ∈ Y := Rn×m,
A ∈ Rd×m for m < d, and ‖X‖2,0 := |({i ∈ {1, 2, . . . , d} |
xi 6= 0})| (| · | denotes the cardinality of a set). In the
particular case of n = 1, the MMV problem reduces to single
measurement vector (SMV) problem, which is an ordinary
problem in compressive sensing. While the recovery results
of MMV have no advantage over SMV in the worst-case
scenario, it performs much better in an average-case analysis
[4], [5]. There are many techniques to solve the MMV problem
[5]–[8].

Without the condition m < d, the MMV problem in
(1) also represents the feature selection problem, which is a
problem of selecting an important subset of features from input
data, thereby enhancing the performance. Feature selection
plays an important role in such applications that involve high
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dimensional data [9], [10]. In bioinformatics, for instance,
robustness is of particular importance [9]. Robust feature
selection (RFS) [11] is based on the `2,1 loss minimization
(see Section II), which leads to robust recovery since it is
insensitive to large errors. Despite its fast convergence, the
scalability of RFS to high dimensional data is rather limited
due to the computation of matrix inversion.

In this paper, we propose an efficient robust approach to
recovering jointly-sparse vectors in the presence of outliers.
To attain robust estimates against outliers, we introduce a
nonconvex loss based on the minimax concave (MC) function
[12]–[14], as well as the MC-based penalty to promote group
sparsity. Since the MC loss returns a constant value for
those errors exceeding a certain threshold, it prevents from
being affected by outliers severely. While the MC function is
nonconvex, the convexity of the whole cost function is main-
tained due to the introduction of the squared Frobenius norm.
The reformulated problem can be solved by the primal-dual
splitting method [15], for which the convergence condition for
the current specific case is derived with a Lipschitz constant of
the gradient used in the method. Numerical simulations show
that the proposed approach can recover the support of jointly-
sparse signals robustly even in huge outliers scenarios; the `2,1
norm loss function fails in this case.

II. PRELIMINARIES

We first introduce notations and definitions. We then state
the problem addressed in the present study.

A. Notation and definition

Throughout this paper, matrices, vectors, and linear op-
erators are denoted by boldface uppercase letters, boldface
lowercase letters, and uppercase letters, respectively. For any
matrix A, the ith column is denoted by ai. Let In denote
the n × n identity matrix. The `p norm of any v ∈ Rm
is defined as ‖v‖p := (

∑m
i=1 |vi|p)1/p for p ≥ 1. The `2,1

and Frobenius norms of any A ∈ Rn×m are defined as
‖A‖2,1 :=

∑m
i=1 ‖ai‖2 and ‖A‖F := (

∑n
i=1

∑m
j=1A

2
i,j)

1/2,
respectively. For any matrix A, λmax(A) denotes the maximal
eigenvalue of A.

Let X := Rn×d and Y := Rn×m. For any Hilbert
spaces (X , 〈·, ·〉X ) and (Y, 〈·, ·〉Y), B(X ,Y) denotes the set
of bounded linear operators from X to Y . If 〈LY ,Y 〉Y ≥ 0
for any Y ∈ Y , L is called a positive semidefinite op-
erator. For any linear operator L ∈ B(Y,Y), the adjoint
operator L∗ ∈ B(Y,Y) is defined as the operator satisfying
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〈LB,Y 〉Y = 〈B, L∗Y 〉Y for any B,Y ∈ Y . If L∗ = L, L
is called a self-adjoint operator. A square root of a positive
semidefinite self-adjoint operator L is denoted by L1/2, and is
defined as an self-adjoint operator Λ satisfying Λ2 = L. Let
O denote a self-mapping (defined on an arbitrary space) that
maps any point to the null vector.

Let Γ0(X ) denote the set of proper lower semicontinuous1

convex functions from X to (−∞,+∞]. The infimal convo-
lution of any functions f, g : Y → (−∞,+∞] is given by
(f�g) : Y → [−∞,+∞] : Z 7→ infY ∈Y{f(Y )+g(Z−Y )},
when the minimizer exists at every point of its domain. The
Moreau envelope of f is defined as f � q, where q := 1

2‖ · ‖2F.
For any f ∈ Γ0(X ), the proximity operator is defined as
proxf (X) := arg minΞ∈X

(
f(Ξ) + 1

2‖X −Ξ‖2X )
)
, where

‖X‖X :=
√
〈X,X〉X .

B. Problem statement

Given a known matrix A ∈ Rd×m, we consider the
following model:

B = X∗A + E + O ∈ Y (:= Rn×m) (2)

where X∗ ∈ X (:= Rn×d), and E ∈ Y and O ∈ Y are
the noise and outlier matrices, respectively. Here, X∗ and
O are assumed to be column sparse; this assumption is also
used implicitly in [11], [16], [17]. The problem addressed
in this paper is stated as follows: recover X∗ in (2) from
the known/measurable matrices A and B (with E and O
unknown). Due to the presence of outliers, the classical
regularized least square regression approach

min
X∈X

‖B −XA‖2F + λR(X) (3)

is known to fail, where R(X) is the regularization term and
λ > 0. To attain robustness against outliers, Problem (P0) has
been considered in the context of feature selection [11]:

(P0) min
X∈X

‖B −XA‖2,1 + λ‖X‖2,1,

which leads to outlier robustness compared to the classical
approach. For feature selection, d, m, and n are the dimension
of data, the number of data, and the dimension of observations
(the number of classes in the classification case), respectively,
while in the context of the MMV problem, those are the
dimension of the vectors to be recovered, the dimension of
measurements, the number of measurements, respectively.

III. PROPOSED APPROACH

We first present the proposed problem formulation to further
enhance the robustness compared to RFS. We then show that
the newly posed problem can be solved by the primal-dual
splitting method [15] under an appropriate reformulation, and
present closed-form expressions of the operators used in the
algorithm. We finally present convergence analysis. All the

1A function f : X → (−∞,+∞] is proper if the domain domf :=
{X ∈ X | f(X) < +∞} 6= ∅. A function f : X → (−∞,+∞] is lower
semicontinuous at X ∈ X if, for every (Xk)

∞
k=1 ⊂ X , Xk → X ⇒

f(X) ≤ lim infk→∞ f(Xk).

results will be presented without proofs. An extended version
of the present work including all the proofs will be presented
elsewhere.

A. Proposed formulation

We formulate the robust jointly-sparse signal recovery prob-
lem as follows:

(P1) min
X∈X

(
ΦL(B −XA) + λ1ΦM (X) +

λ2
2
‖X‖2F

)
,

where λ1 ≥ 0, λ2 ≥ 0, the MC functions ΦL : Y → R, ΦM :
X → R, and the linear operators L ∈ B(Y,Y), M ∈ B(X ,X )
are defined as follows:

ΦL(Y ) := ‖Y ‖2,1 − min
Z∈Y

(
‖Z‖2,1 +

1

2
‖Y −Z‖2L

)
, (4)

ΦM (X) := ‖X‖2,1 − min
Ξ∈X

(
‖Ξ‖2,1 +

1

2
‖X −Ξ‖2M

)
, (5)

LB := Bdiag(l1, . . . , lm), li > 0, ∀i = 1, . . . ,m, (6)
MX := Xdiag(µ1, . . . , µn), µj > 0, ∀j = 1, . . . , n. (7)

Note here that L = L∗ and M = M∗.
For L = O, M = O and λ2 = 0, problem (P1) reduces to

(P0). Since the MC functions used in both loss and penalty
terms in (P1) are nonconvex, the third term is necessary to
obtain the convexity of the whole cost function (see Proposi-
tion 1 below and its following discussions). Indeed, the use of
ΦL(B −XA) makes the outliers less important than using
the `2,1 norm. We show in the next section that (P1) is solved
by using the primal-dual splitting method [15].

B. Algorithm to solve (P1)

The following lemma is used for the reformulation of
Problem (P1).

Lemma 1: For any X ∈ X (:= Rn×d),

ΦL(B −XA) = ‖B −XA‖2,1 −
1

2
‖B −XA‖2L

+
(
ıC ◦ L1/2 � q

)
(L1/2(B −XA)),

ΦM (X) = ‖X‖2,1 −
1

2
‖X‖2M +

(
ıC ◦M1/2 � q

)
(M1/2X),

where C := lev≤1‖ · ‖2,∞ := {X ∈ X | ‖X‖2,∞ ≤ 1},
‖A‖2,∞ := max{‖a1‖2, . . . , ‖am‖2}, and the indicator func-
tion is defined as Γ0(Y) 3 ıC : Y → [0,+∞] : Y 7→{

0, if Y ∈ C,
+∞, otherwise.

By Lemma 1, Problem (P1) is reformulated as follows:

(P′1) min
X∈X

[F (X) +G(X) +H(L1X)]. (8)

Here, the linear operator L1 and the functions F , G, and H
are defined as follows:

B(X ,Y) 3 L1 : X 7→XA, (9)
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TABLE I
COMPUTATIONAL COMPLEXITY (q: THE NUMBER OF ITERATIONS, p: THE

NUMBER OF POWER ITERATIONS).

Proposed O(max{qnmd,min{d2,m2}max{d,m, p}})
RFS O(qm(m+ d)max{m+ d, n})

Γ0(X ) 3 F :=
λ2
2
‖ · ‖2F −

1

2
‖L1 · ‖2L −

λ1
2
‖ · ‖2M

+ 〈L1·,B〉L+
(
ıC ◦ L1/2 � q

)
(L1/2(B − L1·))

+ λ1

(
ıC ◦M1/2 � q

)
(M1/2·), (10)

Γ0(X ) 3 G := λ1‖ · ‖2,1, (11)
Γ0(Y) 3 H := ‖B − ·‖2,1, (12)

where the inner product 〈·, ·〉L is defined as 〈Y ,B〉L :=
〈LY ,B〉F := Trace((LY )TB) for any Y ,B ∈ Y . The
function F is strictly convex under some condition as shown
by Proposition 1 below (F is also smooth as shown in
Proposition 5 in Section III-D).

Proposition 1: The function F is convex if and only if

λ2 ≥ λmax{Adiag(l1, . . . , lm)AT + λ1diag(µ1, . . . , µn)}.
(13)

In particular, F is strictly convex if and only if inequality (13)
holds with strict inequality.

Strict convexity of the entire function in (P′1) is verified by
Proposition 1 with the convexity of G(X) and H(L1X). The
coercivity of the entire function in (P′1) is verified with the
following proposition.

Proposition 2: The function ΦL(B − L1·) + λ1ΦM (·) +
λ2

2 ‖ · ‖2F is coercive. Here, a function f : X → (−∞,+∞] is
coercive if lim‖X‖X→+∞ f(X) = +∞.

By Propositions 1 and 2, the cost function of (P′1) is strictly
convex and coercive if λ2 > λmax{Adiag(l1, . . . , lm)AT +
λ1diag(µ1, . . . , µn)}, and hence the uniqueness and existence
of the solution of (P1) are guaranteed in this case [18, p. 159].

For initial X0 ∈ X , Y0 ∈ Y and (ρt)t∈N ⊂ (0, δ) for
δ := 2 − β

2

(
1
τ − σλmax(AAT)

)−1 ∈ [1, 2), the primal-
dual splitting method [15] to solve problem (P′1) is given as
follows:2

X̃t+1 = proxτG(Xt − τ(∇F (Xt) + L∗1Yt)),

Ỹt+1 = proxσH∗(Yt + σL1(2X̃t+1 −Xt)),

(Xt+1,Yt+1) = ρt(X̃t+1, Ỹt+1) + (1− ρt)(Xt,Yt).

(14)

Here, the convex conjugate H∗ : Y → [−∞,+∞] is defined
as H∗(Y ) := supZ∈Y(〈Z,Y 〉Y − H(Z)), and β will be
given explicitly in Section III-D below. The complexities of
Algorithm (14) and RFS are summarized in Table I.

Remark 1: We discuss the possibility of applying the primal-
dual splitting method or the alternating direction method of
multipliers (ADMM) directly (i.e., without the reformulation)
to Problem (P1). We first mention that, in order to consider

2Solving (P′
1) by the primal-dual splitting method of Chambolle and

Pock [19] or the alternating direction method of multipliers [20] may cause
significant increases of complexity and memory requirements or an inner loop.

the first and third terms as a single function of XA, one
needs the additional condition rankA = d, which strictly
limits the applicability. A possible approach would there-
fore be to consider the second and third terms as a single
function of X and then use the firm shrinkage operators
studied in [21]. Let us first consider the primal-dual splitting
methods of Chambolle-Pock or Condat. Both methods use
the proximity operator of the conjugate function of the first
term ΦL(B − ·) of (P1). Due to the fact that the Fenchel
conjugate of a given function coincides with that of its lower-
semicontinuous convex envelope [18, Proposition 13.14], one
can readily verify that the proximity operator of Φ∗L becomes
the zero mapping O. As a result, the proximity operator of
[ΦL ◦ (B − ·)]∗ becomes the zero mapping as well (one can
use the basic properties of conjugate function and proximity
operator [18] to verify this). This means that the first term
gives no impact on the algorithm output, and thus there is
no hope to obtain a solution P1. In contrast, the proximity
operator of the conjugate function of ΦL does not appear
explicitly in the ADMM iterate. However, its convergence
analysis is nontrivial in this case.3 For instance, the approach
by Eckstein and Bertsekas [22] applies the Douglas-Rachford
splitting method to the dual problem. The conjugate function
appearing in the dual problem is replaced by the original
function due essentially to the Moreau decomposition, which
only holds in the convex case.

C. Closed-form expressions for the operators

We present below closed-form expressions of the operators
used in (14) below.

Proposition 3: Closed-form expressions for ∇F , L∗1,
proxτG, and proxσH∗ are given as follows:

1) ∇F (X) = λ2X − λ1
d∑
i=1

min

{
1

‖xi‖2
, µi

}
xie

T
d,i

+ L∗1

m∑
i=1

min

{
1

‖[B − L1X]i‖2
, li

}
[B − L1X]ie

T
m,i,

2) L∗1Y = Y AT,

3) proxτG(X) =

m∑
i=1

max

{
1− τλ1
‖xi‖2

, 0

}
xie

T
m,i,

4) proxσH∗(Y )=

m∑
i=1

min

{
1

‖yi−σbi‖2
, 1

}
(yi−σbi) eTm,i.

Here, {er,i}ri=1 denotes the standard basis of Rr for any
dimension r.

D. Convergence condition

Assuming that (13) holds, the convergence of the algorithm
in (14) is ensured by [15, Theorem 3.1] as soon as ∇F is
β-Lipschitz continuous and the parameters σ and τ satisfy the
inequality

1

τ
− σ‖L1‖2F ≥

β

2
> 0, (15)

3Although it is shown in [21] that a rescaled firm-shrinkage operator is
firmly nonexpansive, its application to the present case is not straightforward.
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Fig. 1. NMSE for different column-sparsity of outlier matrix under d = 128,
m = 256, and n = 128.

where a mapping T : X → X is Lipschitz continuous with
constant β > 0 if ‖T (X) − T (Ξ)‖X ≤ β‖X − Ξ‖X for
every (X,Ξ) ∈ X 2, and ‖L‖F := sup‖Y ‖F=1 ‖LY ‖F is
the operator norm induced by the Frobenius norm. In the
following propositions, we provide the constant β as well as
an admissible choice for σ and τ .

Proposition 4: The proximity parameter σ :=
1/λmax(AAT)(1/τ − β/2) satisfies (15) for any τ < 2/β
(⇔ 1/τ − β/2 > 0).

Proposition 5: The gradient operator ∇F is Lipschitz con-
tinuous with constant

β = λmax(λ2Id −Adiag(l1, . . . , lm)AT − diag(µ1, . . . , µn))

+λmax(Adiag(l1, . . . , lm)AT)+λ1 max{µ1, . . . , µn}. (16)

IV. NUMERICAL EXAMPLES

We show the robustness of the proposed approach against
outliers and its performance in support recovery.

A. Robustness

Matrices X∗ ∈ X (:= Rn×d) and A ∈ Rd×m are generated
with d = 128, m = 256, and n = 128 from the i.i.d.
normal distribution N (0, 1). Here, we consider dense X∗ to
show the pure effects of the robustification (excluding the
sparsification effect). Signal-to-noise ratio (SNR) of E is set
to 10 dB and 30 dB. The outlier matrix O is column sparse,
and its non-zero elements are drawn from N (0, 1) and are then
multiplied by the factor 100. To measure the accuracy of the
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Fig. 2. Recovery probability for different rate of outliers under d = 256,
m = 128, n = 32, k = 16, and SNR 30 dB.

recovered signals, normalized mean squared errors (NMSE)
given by NMSE := ‖X∗ − X̂‖2F/‖X∗‖2F are used. RFS [11]
is considered for comparison. In [11], it is mentioned that
one can easily extend RFS to those problems with different
penalties, such as

(P2) min
X∈X

‖B −XA‖2,1 +
λ2
2
‖X‖2F, (17)

which is a special case of (P1) for L = O and λ1 = 0. Figure
1 depicts the performance when the rate of outliers (the ratio
between m and the number of nonzero columns of O) changes
between 10% and 50%. It is seen that the proposed approach
is more effective for a denser outlier matrix.

We mention that, once recovering the support, one can
remove those data corresponding to the off-support compo-
nents and solve another (smaller size) regression problem that
involves a smaller number of variables than that of the original
problem. In that respect, the present setting of d < m is a
reasonable choice.

B. Support recovery

We demonstrate some properties of the proposed approach
for support recovery. We compare the proposed approach to
RFS and the state-of-the-art MMV algorithms: SNIHT [7],
SOMP [6], SCOSAMP [7], SAMUSIC [8], and RAORMP [5].

First we investigate the robustness of the proposed approach
for sparse signals under SNR 30 dB for d = 256, m = 128,
and n = 32. We generate matrices X∗ ∈ X (:= Rn×d) and
A ∈ Rd×m, both of which obey the i.i.d. normal distribution
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Fig. 3. Recovery probability as a function of k/d and n under SNR 30 dB,
outlier 30%, and SNRO −30 dB.

N (0, 1), and set d− k column vectors of X to zero vectors,
where k is called block sparsity. We define the signal to outlier-
noise ratio as

SNRO := 10 log10

‖X∗A‖2F/m
‖O‖2F/k′

, (18)

where k′ denotes the number of non-zero column vectors
in O (we let SNRO = −30, −3000 dB). Figure 2 shows
the support recovery probability under 100 trials for different
rate of outliers. While the existing MMV algorithms fail in
the presence of outliers, the proposed approach and RFS are
robust. The robustness of the proposed approach significantly
outperforms RFS in the case of SNRO −30 dB. It should be
remarked that the proposed approach has sufficient robustness
even when SNRO is −3000 dB.

Figure 3 plots the recovery probability as a function of k/d
and n, under SNR 30 dB, outlier 30%, SNRO −30 dB, and
300 trials. The proposed approach achieves higher recovery
probability than RFS due to its remarkable robustness property
coming from the use of the MC loss function.

V. CONCLUSION

We proposed a robust approach to recovering jointly-sparse
signals in the presence of outliers. The main result is that
the MC loss function leads to the remarkable robustness to
outliers. The problem is solved by the primal-dual splitting
method, for which the convergence condition for the current
specific case is derived with a Lipschitz constant of the
gradient used in the method. The numerical results showed

that the proposed algorithm outperformed the RFS in terms of
robustness against outliers.
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