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ABSTRACT

State-of-the-art gamma-ray spectrometry suffers from physical limi-

tations of the sensing system. Pulse pile-up and dead time losses lead

to wrong measurements of both the number of pulses and their am-

plitude. Current techniques based on maxima detection, be in analog

domain or after fine digitalization, offer limited resolution, bounded

by the instrument response function (IRF). In this work we show how

spectral sampling can help breaking the current limits of gamma-ray

spectrometry. By means of a sparsity-based sensing model and us-

ing a fast and robust parametric spectral estimation method, we show

that the unknown parameters, namely time of arrival and energy of

the γ-photons, can be accurately estimated from few m ≥ 2K + 1
frequency samples. In the noiseless case parameter estimation is ex-

act to machine precision and the method has virtually no resolution

limit. A thorough experimental evaluation using an empirical IRF

unveiled excellent performance, even in overpessimistic conditions.
Index Terms— Gamma-ray spectrometry, sparsity, spectral

analysis, superresolution, SPAD

1. INTRODUCTION

Crystal scintillation detectors, coupled to a photomultiplier device

such as photomultiplier tubes (PMTs) or silicon photomultipliers

(SiPMs), produce a current pulse per each impinging γ-photon, be-

ing the pulse amplitude directly related to the energy the γ-photon

deposits at the detector. In gamma spectrometry the amplitudes reg-

istered for a large set of γ-photon arrivals are used to construct a his-

togram. Such a histogram or energy spectrum can be used to identify

the presence of radioisotopes and quantify them. Relevant parame-

ters in nuclear spectroscopy are the energy resolution, pulse pile-up,

and dead time losses [1].

Within any radiation field there are photons of different energies,

but even in the case that photons of the same energy interact with the

detector, they will produce pulses with slightly different amplitudes.

For radiation of a given energy, this variability influences the width

of the corresponding peak in the histogram of amplitudes. Thus the

accuracy of the amplitude estimation determines the effective resolu-

tion of the obtained energy distribution. The time intervals between

successive γ-photon arrivals are stochastically distributed according

to a Poisson distribution. This does not exclude the case of two pho-

tons arriving to the detector infinitesimally close to one another, such

that they produce a single pulse of larger amplitude. Alternatively,

if the time between consecutive arrivals is not so short, the second

arrival may produce a distinguishable pulse, still overlapping the tail

of the first one. In both cases, if maxima detection is used to deter-

mine the amplitude, wrong amplitudes will be recorded. The first

process is called coincidence summing peak (separation below the

detector’s time resolution), while the second is called pulse pile-up.

The dead time is the amount of time the spectrometric system

needs to register and process the arrival of a γ-photon, during which

it is unable to respond to another photon. The dead time is sometimes

set by processes in the detector or is limited by the associated elec-

tronic measuring system. Due to the fact that some γ-photons will

arrive at the detector during these dead time intervals, the measured

counting rate will be lower than the real one, leading to amplitude

underestimation. These errors are known as dead time losses.

Electronic readout systems of γ-radiation detectors are typically

made of analog stages to bandpass-filter the signal and remove un-

desired low- and high-frequency noise. The pulse maximum ampli-

tude is recorded by a peak-sensing ADC, that is, the peak is detected

analogically and then digitized. Such systems normally discard the

pulses affected by pile-up and may overestimate pulse amplitudes,

worsening the energy resolution. Additionally, the required time to

process an individual pulse limits the maximum counting rate the

system can handle without incurring in dead time losses.

To overcome the aforementioned limitations, recent research has

focused on uniformly digitizing the detector output signal at high

rate and reconstructing the pulses from the samples [2, 3, 4]. This ap-

proach requires fast ADCs and the amount of generated data is enor-

mous [4]. Instead of resorting to classical Shannon-Nyquist sam-

pling at exorbitant sampling rates to sense a spiky signal, we propose

sampling in frequency domain instead (Fig. 1c). This decision

follows from basic uncertainty principles that are transversal in sci-

ence (localization in time domain implies wide spread in frequency

and vice versa) and is in line with the novel sampling paradigm of

compressed sensing (CS) [5, 6, 7]. This scheme captures all signal

information with a minimal amount of measurements, orders of

magnitude fewer than those suggested by the Nyquist rate. Instead

of applying classical CS as in [8, 9], we leverage the finite rate of

innovation of the signal [10] and draw from prior works on para-

metric time-resolved and multiple-path time-of-flight (ToF) imaging

[11, 12, 13, 14]. In short, Fourier samples of a train of Dirac delta

functions can be modeled as a sum of cisoids. From the lowest-

frequency Fourier measurements the model parameters (amplitude

and location of the Dirac deltas) can be accurately estimated with no

intrinsic resolution limit using fast and robust parametric spectral

estimation methods.

2. γ-RAY SPECTROMETRY

Often, in order to detect and identify gamma-emitting radioisotopes

contained in a radioactive sample, γ-spectrometric techniques are

implemented. For this purpose a variety of detectors exists. Inor-

ganic scintillator detectors offer a good trade-off between efficiency,

resolution, and robustness [1]. Detectors of this kind are coupled
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to photomultiplier devices (commonly PMTs and, more recently,

SiPMs), which transform the scintillation light photons into signal

pulses, each of them corresponding to a γ-photon interaction within

the detector. The number of pulses registered per second and their

amplitudes provide information about the sample radioactivity and

which radioisotopes are present in it [1]. Generally, the number of

visible and UV photons N emitted by an inorganic scintillator like

NaI(Tl) [15] after arrival of an ionizing particle at t = to reads:

N(t, to) = No
τd

τr − τd

(

e
−

(t−to)
τr − e

−
(t−to)

τd

)

, t ≥ to, (1)

where No is the average number of emitted scintillation photons per

unit of gamma quanta depositing energy in the detector, τr and τd are

the rise and decay time constants, respectively [16]. The NaI(Tl)’s

τd is 250 ns [15]. Although the NaI(Tl)’s τr has not been reported

by the manufactures, normally it is extremely short compared with

τd [16] and thus (1) is well approximated by:

N(t, to) = Noe
−

(t−to)
τd (2)

The SiPM is a solid state photo-detector made of hundreds or

thousands single-photon avalanche diodes (SPADs, operating in

Geiger-Mode) in series with quenching resistors (Rq) which stop

the SPADs’ avalanche. The array SPAD-Rq is called microcell.

Scintillation photons (visible and UV) produced by the NaI(Tl) are

individually detected by each SPAD of the SiPM and the whole

system response is a current pulse whose amplitude is proportional

to the total amount of visible and UV photons that impinged the

SiPM. The SiPM response to a photon arrival is given by:

I(t, to) =







Io

(

1− e
−

(t−to)
RdCd

)

t− to ≤ tmax

Imaxe
−

(t−to)
RqCd t− to > tmax

Imax = Ioe
tmax
RqCd

(

1− e
−

tmax
RdCd

)

, t ≥ to

(3)

where Cd and Rd are the superposition of the junction capacitance

and resistance of the SPADs, respectively, and tmax is the time at

which I(t) reaches its maximum and the quenching starts. Since

Rq ≫ Rd, the decay of I(t) is much slower than its rise.

One can define the aggregated zero-centered instrument re-

sponse function (IRF) φ(t) as the convolution between the signals

in (1) and (3) for to = 0, φ (t) = (N(·, 0) ∗ I(·, 0))(t). Let

the Fourier transform of a time-domain signal p(t) be defined as

p̂(ω) := 〈p(t), eωt〉 and let  denote the complex unit. Then the

Fourier spectrum of the IRF is obtained as:

φ̂(ω) = N̂(ω)Î(ω)
∣
∣
∣
to=0

, with :

N̂(ω) = No
τd

ω (τr + τd) + 1− ω2τrτd
e−ωto

Î(ω) = Io

[(
e−ωto − e−ωtmax

)

ω

+
1

1
RdCd

+ ω

(

e
−

(tmax−to)
RdCd

−ωtmax − e−ωto

)

︸ ︷︷ ︸

Avalanche (rise)

+
e

to
RqCd

−ωtmax

1
RqCd

+ ω

(

1− e
−

tmax
RdCd

)

︸ ︷︷ ︸

Quenching (decay)

]

(4)

Typically the SiPM is series-connected to a resistor of small

value (Rs) and the voltage drop over Rs is read out. The resulting

recovery time of the SiPM is then

τRC = NCd

(
Rq

N
+Rs

)

, (5)

where N is the number of microcells in the SiPM. However, it is pos-

sible to avoid the need for Rs by using a transimpedance amplifier

(TIA in Fig.1c) as readout circuit, so that Rs ≈ 0 and τRC = RqCd.

Fig. 1a shows the IRF φ(t) of our detector, obtained using a tran-

simpedance amplifier at the SiPM output. The shape of φ is mostly

determined by the decay time constants τd and τRC [17].
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Fig. 1: Voltage pulse generated by our NaI(Tl)-based [15] detector due to

the arrival of a γ photon (a). The NaI(Tl) scintilator is coupled to a silicon

photomultiplier (SiPM) [18]. The pulse is a bandlimited function, as can

be observed in its Fourier spectrum (b). The signal power is concentrated

in a narrow bandwidth of approximately 10 MHz (blue shaded areas). The

10 MHz-bandlimited approximation of the pulse is shown with a dashed

line in (a). Frequency measurements of the detector output are to be carried

out within this bandwidth. A schematic representation of the proposed

sensing scheme is provided in (c).

3. SPECTRAL SENSING OF SPARSE PHOTON ARRIVALS

In this section we present the methodology we use to accurately de-

tect and characterize arrivals of γ-photons from few measurements,

together with the basic principles we build upon. Let first model the

arrival of γ-photons to the detector. Supposing that the detector is

placed in the close neighborhood of some radioactive material emit-

ting γ radiation and that we restrict our observations to a period of

interest T that is much lower than radioactive decay parameters of

the source such as half-life t1/2 or mean lifetime τ [19], then the rate

at which γ-photons are received at the detector r can be considered

to be constant. For T large enough, the expected number of arrivals

is E [Nγ ] = rT . The arrival of the kth photon is fully characterized

by the photon energy Γk and time stamp tk, ∀k. Thus the profile of

γ-photon arrivals can be modeled as a weighted sum of shifted Dirac

delta functions:

h (t) =

K−1∑

k=0

Γkδ (t− tk), 0 ≤ tk < T, (6)

where one expects K ≈ rT arrivals. The detector itself is com-

posed by a scintillation crystal coupled to an SiPM. The scintillator

response to the arrival of a γ-photon at instant to is the emission

of a number of scintillation photons (visible and UV) given by (1)

and the response of the SiPM to each scintillation photon is given in

(3). The IRF φ is the composition of both responses and its Fourier

spectrum is given by (4). We define the set of bandlimited functions

BΩ := {p : p̂(ω) = 0, |ω| /∈ Ω}. From now on Ω denotes both a

frequency region in the continuous case and a set of frequency in-

dices in the discrete scenario. Mostly due to the ω terms in the

denominators of all addends of Î(ω) in (4), most of the signal power

of φ will be concentrated in a narrow Fourier bandwidth Ω and in

practice φ is considered to be bandlimited φ ∈ BΩ.
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The IRF φ constitutes the actual probing function we use to

sense h(t) and is given by the hardware. For a given profile of ar-

rivals h(t), the electrical signal at the output of the SiPM is

s (t) = (h ∗ φ) (t) =

∫
∞

−∞

h(τ)φ(t− τ)dτ (7)

Provided that (7) can be casted as an elementwise product in

Fourier domain, we have that ŝ(ω) = ĥ(ω)φ̂(ω), ∀ω, and thus

s ∈ BΩ. Furthermore, for any frequency ω ∈ Ω, the correspond-

ing Fourier measurement follows the model

ŝ(ω) = φ̂(ω)〈h, eωt〉 = φ̂(ω)

K−1∑

k=0

Γke
ωtk (8)

In this work we propose acquiring a set of (few) m uniform fre-

quency measurements ~y = {yi}
m
i=1, which follow a measurement

model of the shape yi = ŝ(ωi) + ni, where ni is a realization

of the ith component of the m-multivariate white Gaussian mea-

surement noise. Depending on the spectral sensing hardware the

corresponding covariance matrix Σ ∈ R
m×m may show non-zero

off-diagonal components (e. g., due to crosstalk), but here without

loss of generality we suppose that Σ := E [~n~n∗] = σ2III . From

each measurement yi an estimate of ĥ(ω) can be readily obtained as
˜̂
h(ωi) = yi/φ̂(ωi), for ωi ∈ Ω. Due to the pulse shape of φ the mea-

surements with largest amplitude will be those of lowest frequency,

since approximately ∆ log
∣
∣
∣φ̂(ω)

∣
∣
∣ ∝ −∆ω (see the triangular shape

of the central region of φ̂ in Fig.1b). Thus, for a given measurement

budget m, with
⌈
m−1

2

⌉
∈ Ω, the set of measurements ~y ∈ C

m that

yields the estimates
˜̂
h(ωi) with highest signal-to-noise ratio (SNR)

is composed of those centered around ω = 0. Provided that we only

consider uniform frequency sampling, our measurement model is:

˜̂
h(ωi) =

yi

φ̂(ωi)
, yi = φ̂(ωi)

K−1∑

k=0

Γke
ωitk + ni with :

ωi = iω0, ω0 =
2π

T
, i ∈

{

−

⌈
m− 1

2

⌉

, . . . , 0, . . . ,

⌊
m− 1

2

⌋}
(9)

It can be easily shown that m ≥ 2K + 1 measurements are

required to estimate the parameters {Γk, tk}
K
k=1 in (6). We define

the oversampling factor ν ∈ N such that the number of measure-

ments is m = 2νK + 1. For simplicity let ~H =
{
˜̂
h(ωi)

}m

i=1
as

defined in (9). Retrieving {Γk, tk}
K
k=1 from ~H is the classical line

spectrum estimation, also known as Prony’s problem [20, 21] and

can be solved using Prony’s method (polynomial anihilation) or any

of its robust variants [22, 23]. From the latter we adopt the matrix

pencil method [23], which provides a fast and robust closed-form

(non-iterative) estimate of {Γk, tk}
K
k=1. We refer to [13] for the

derivation of the corresponding Cramér-Rao Lower Bounds (CRB).

The pipeline outlined in this section has been successfully

demonstrated in a variety of works related to time-resolved imaging

[11, 14], in which ToF pixels are used to gather the measurements.

In [14] an intrinsic harmonic cancellation is implemented, so that the

ToF pixels directly obtain Fourier measurements of the environment

response function. Similarly, we foresee a hardware implementation

to obtain all measurements ~y in a single sensor readout, using a set

of m ∝ K single-frequency filters, i. e., lock-in amplifiers (Fig. 1c).

4. EXPERIMENTAL EVALUATION

In this section we use the real IRF of our detector (φ(t), Fig. 1a) to

carry out a highly-realistic evaluation of the methodology outlined in

section 3. Our detector is composed by an NaI(Tl) scintillator [15]

(420 nm peak) coupled to a SiPM [18] and the output measured via

a transimpedance amplifier had SNR = 25 dB. The lab radioactive

source 137-Cs used for our real experiments has a radioactivity of

0.25µCi, which translates into 9.25 × 103 counts per second (cps)

average, from which only about 25% interact with the detector [24].

The γ-ray spectroscopic system developed in [25] can register up

to 104 cps. In sections 4.1 and 4.2 we will consider a worst-case

scenario, with a γ-photon arrival rate at the detector of r = 105 cps,
i. e., one order of magnitude larger than the maximum rate in [25].

4.1. Performance in Harsh Realistic Conditions

In this section we evaluate the performance of the proposed ap-

proach in harsh realistic conditions, that is, at a high γ-photon ar-

rival rate r = 105 cps, with overlapping pulses, and in the presence

of noise. Given the aforementioned arrival rate, we consider a period

T = 100µs, in which K = 10 γ-photons arrive to the detector. The

results of this simulation are given in Fig. 2 and Table 1. The param-

eters {Γk, tk}
K
k=1 were randomly generated from uniform distribu-

tions. The proposed method is able to retrieve the signal parameters

{Γk, tk}
K
k=1 (stems) exactly in all low-overlapping cases. For the

highly-overlapping case (∆t = 395 ns) reconstruction fails as the

SNR decreases. In the noiseless case (omitted) reconstruction is ex-

act to machine precision even for ν = 1.

Table 1: MSE of the vectors of reconstructed time locations and

amplitudes, and of the reconstructed signals in Fig. 2 (K = 10).

SNR [dB] MSE
({

t̃k
}K

k=1

)

MSE

({

Γ̃k

}K

k=1

)

MSE (ŝ)

20 116.33 24.54 1.45× 10−2

40 4.46× 10−6 1.58× 10−3 1.06× 10−4

60 2.23× 10−5 1.33× 10−3 3.92× 10−5

4.2. Robustness to Noise

Fig. 2 shows that the estimation error increases with the noise level.

Oversampling can counteract the effect of noise. Here we evaluate

the effect of noise on the estimation error of {Γk, tk}
K
k=1 and of the

reconstructed signal s for different oversampling factors. The statis-

tics obtained over 100 noise realizations are summarized in Fig. 3.

The linearly-decreasing behavior of all curves for sufficiently high

SNR illustrates that the CRB is met. SNRs < 25 dB are too pes-

simistic. The operation point of our hardware is marked with a verti-

cal line. Reliable operation at an SNR as low as 20 dB is still feasible

using slightly larger oversampling factors, e. g., ν = 5.

4.3. Time Resolution Limit

In this section we address a question of critical importance in prac-

tice, namely, how close to each other in time domain can two consec-

utive γ-photons reaching the detector be and still their corresponding

parameters be correctly estimated. The achievable time resolution

determines up to which extent pulse pile-up can be eliminated. To

this end, we evaluate the same reconstruction errors for different ∆t
ranging from 1µs to 0. Statistical results over 100 noise realizations

are given in Fig. 4. The equidistant parallel lines obtained for differ-

ent (equidistant) SNRs in all plots for ∆t >
∼ 600 ns witness agree-

ment with the CRB. As SNR → ∞, all MSEs → ∞, ∀∆t ∈ R\{0}
Our system (SNR = 25 dB) could separate photon arrivals 100 ns
apart with a time MSE of −35 dB.

5. CONCLUSIONS

This work deals with the problem of detecting and characterizing

the arrival of γ-photons to an inorganic scintillation detector. Each

arrival is characterized by a time stamp and an amplitude, related
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Fig. 2: Original and reconstructed signals from few Fourier samples. Given a randomly-generated set of parameters {Γk, tk}
K
k=1, modeling the energy

and arrival times of K = 10 γ-photons, a realistic detector output (in blue) is generated by convolving the spikes (blue stems) with a low-passed version

of the empirical IRF in Fig. 1a, φ. Zero-mean white Gaussian noise is added to the signal to achieve SNRs of 20, 40, and 60 dB (from top to bottom).

The locations and amplitudes recovered by the proposed method are represented with red stems. The reconstructed signal (red dashed line) is obtained by

convolution with φ. A minimal oversampling ν = 2 was used to force a failure case (right plots).
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Fig. 3: MSE of reconstructed time locations (a), amplitudes (b), and signal (c) versus SNR for different oversampling factors ν ∈ [1, 5]. The original set

of parameters {Γk, tk}
K
k=1 and IRF φ was the same used in Fig. 2 (K = 10). Solid and dashed lines are mean and standard deviation values computed

over 100 noise realizations, respectively. The vertical line points the empirical SNR of our system.
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Fig. 4: MSE of reconstructed time locations (a), amplitudes (b), and signal (c) versus separation between arrivals ∆t of K = 2 consecutive γ-photons for

different SNRs (SNR ∈ [20, 100]). Fixed oversampling factor ν = 5. Solid and dashed lines are mean and standard deviation values computed over 100
noise realizations, respectively. Single legend in (a).

to the photon’s energy. Current approaches based either in analog

maxima detection or dense uniform sampling in time domain exhibit

limited time resolution and are largely affected by pulse pile-up. We

have proposed a shift of the sensing paradigm towards spectral sens-

ing and outlined a methodology that allows reliable estimation of

the unknown parameters from a minimal number of samples. In the

noiseless case and assuming a perfect pulse model, the method is ex-

act to machine precision, regardless of the time separation between

two consecutive photons, that is, it has no intrinsic resolution limit.

Immediate future work will focus on a practical hardware im-

plementation of the proposed sensing scheme, prospectively based

on a set of analog lock-in amplifiers at the desired frequencies. Fur-

ther extensions to be explored include one-bit ultra-fast sampling and

non-uniform Fourier sampling, the latter of which has been demon-

strated for solving a fundamentally equivalent problem in the context

of multiple-path ToF imaging in [26].
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