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ABSTRACT
In this paper we present an exact line search approach in or-
der to find a suitable step size for the problem of recovering
a low-rank matrix from linear measurements via non-convex
bi-factored matrix factorization approaches as used in the bi-
factored gradient descent (BFGD) algorithm. For the specific
case of using the squared Frobenius norm as convex regular-
izer we prove that unique solutions for the step sizes exist.
The computational complexity of the proposed method has
the same order of magnitude than common inexact line search
approaches, however, it needs only one execution of the sens-
ing operator whereas inexact line search methods need at least
two. As such our method requires less memory space and
CPU time. We illustrate the functionality of the proposed
method by use of simulations.

Index Terms— Low-rank matrix recovery, signal pro-
cessing, BFGD algorithm.

1. INTRODUCTION

Low-rank matrices appear frequently in signal processing ap-
plications e.g. in the field of remote sensing, machine learn-
ing, etc. The fundamental problem is to reconstruct an un-
known low-rank matrix L̃ ∈ Cd1×d2 from a limited number
of noisy observations of the form

y = A(L̃) + e,

where A : Cd1×d2 → Cn is a known affine transformation,
y ∈ Cn is a measurement vector, and e ∈ Cn is additive
noise. This problem can be cast as affine rank minimization
(ARM) problem:

min
L
f(L) :=

1

2
‖y −A(L)‖22

s.t. rank(L) ≤ r,
(1)

where ‖·‖2 denotes the `2 norm [1]. Up to now, a plethora
of competing reconstruction algorithms emerged to solve (1)
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e. g. [1, 2, 3, 4, 5, 6, 7] to name a few. A common necessity
among these approaches is the need for a singular value de-
composition (SVD). However, when it comes to very big low-
rank matrices an SVD becomes time consuming and further-
more memory space becomes an issue. One idea to overcome
this problem is to factorize the low-rank matrix as L = UV H

with U ∈ Cd1×r and V ∈ Cd2×r which is known as Burer-
Monteiro factorization. This approach reduces the number
of variables to optimize, but destroys the convexity of the
problem which becomes non-linear as from now on a prod-
uct of unknown matrices is to be found. One particular al-
gorithm following this approach is an iterative gradient pro-
cedure called the bi-factored gradient descent (BFGD) algo-
rithm which comes with some convergence guarantees in case
the initial solution L0 = U0V0

H is somewhat close to L̃ [8].
It is of the form

Ut+1 = Ut − µU∇UF (Ut,Vt) (2)
Vt+1 = Vt − µV∇V F (Ut,Vt) , (3)

where µU and µV denote the step sizes, t indicates the iter-
ation step, and ∇Z denotes the gradient with respect to Z.
For the specific case of the original objective function f (·)
in (1) being both (restricted) strongly convex and smooth, an
additional convex regularizer g : Cr×r → C is required as

F (U ,V ) = f
(
UV H

)
+ λg

(
UHU − V HV

)
, (4)

where λ ∈ R+ determines the weighting of the regulariza-
tion term. The additional regularizer is necessary in order to
prevent Ut and Vt obtaining large condition numbers in any
iteration step which is required by the BFGD algorithm to en-
sure convergence. It is required that:

1. g is convex and minimized at zero point i.e. ∇g(0) = 0.

2. The gradient, ∇g
(
UHU − V HV

)
∈ Cr×r, is sym-

metric for any such pair.

3. g is µg-strongly convex and Lg-smooth [8].

Of particular interest is the question of how to choose the step
sizes µU and µV . Proofs of convergence and existence of
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suitable step sizes were shown in [8, 9, 10, 11], however, no
equations based on parameters generally known in practice
are given or again require an SVD. As BFGD applies a clas-
sic gradient descent scheme, classical line search strategies,
as such exact and inexact line search methods, may be ap-
plied to find suitable step sizes. Exact line search methods
attempt to find a step size which minimizes the cost func-
tion at current iteration for given gradients. Commonly, exact
line search strategies are of limited interest since they usually
bear a high computational complexity. Inexact methods, e. g.
Armijo, Goldstein or Wolfe rules to name a few, try to reduce
the computational burden by only validating an assumed step
size, which is reduced and validated again if necessary [12].

In this paper, we propose an exact line search approach to
find a suitable step size for the specific, yet very often applied
case of g (·) being the quadratic Frobenius norm g (·) = ‖·‖2F.
To the contrary of the described above, our exact line search
approach shows the same computational complexity as Armi-
jos, Goldsteins, or Wolfes inexact rules (and is even less de-
manding). To the best of the authors knowledge, such an ap-
proach was not published before.

This paper is organized as follows. The step size deter-
mination is derived in Section 2. In Section 3 a simulation
is presented to illustrate the improved convergence rate. Sec-
tion 4 concludes the paper.

2. STEP SIZE DETERMINATION

The step sizes µU and µV are chosen such that the objec-
tive function (4) is minimized in every step subject to given
gradients

GU = ∇UF (U ,V ) (5)
GV = ∇V F (U ,V ) (6)

as such

µU = arg min
µ

F (U − µGU ,V ) (7)

µV = arg min
µ

F (U ,V − µGV ) . (8)

We conduct the minimization by setting the corresponding
derivatives to zero

∂F (U − µGU ,V )

∂µ
= 0 (9)

∂F (U ,V − µGV )

∂µ
= 0. (10)

The derivatives in (9) and (10) are third order polynomials
in µ and as such have in general three arbitrary roots which
may be real positive, real negative, or complex. However,
for valid step sizes, a single positive real root is needed. In
the following Section 2.1 we first illustrate the derivation of
(9) and (10) regarding µU and µV . In Section 2.2 we prove
only one unique real positive root exists in the framework of
the BFGD algorithm. Section 2.3 summarizes the results and
states the final formulation of the step size determination.

2.1. Derivative regarding µU and µV

The regularized objective function (4) using the Frobenius
norm for g (·) is in extended form

F (U − µGU ,V ) =
1

2

∥∥y −A ((U − µGU )V H
)∥∥2

2︸ ︷︷ ︸
DU

+ λ
∥∥(U − µGU ) H (U − µGU )− V HV

∥∥2
F︸ ︷︷ ︸

SU

(11)

and its gradient from (5) is given by

GU = −A∗ (ỹ)V + 4λUX (12)

ỹ = y −A
(
UV H

)
(13)

X = UHU − V HV , (14)

where A∗ (·) is the Hermitian adjoint operator of A. We first
treat the data fidelity term DU of (11), which we simplify by
use of (13) to

DU =
1

2

∥∥ỹ + µA
(
GUV H

)∥∥2
2
. (15)

Its derivative is

∂DU

∂µ
= Re

{
ỹHA

(
GUV H

)}︸ ︷︷ ︸
T0

+ µ
∥∥A (GUV H

)∥∥2
2
, (16)

where we may simplify the term T0 further by utilizing the
sum notation as

T0 = ỹHA
(
GUV H

)
=
∑
i,j,b,r

ỹ∗i a
∗
ijbv
∗
brgUjr (17)

and noticing that (12) in sum notation can be expressed as

gUjr = −
∑
i,p

aijpỹivpr + 4λ
∑
m

ujmxmr, (18)

where gUjr = (GU )jr is the entry of GU at index (j, r).
From (18) we can isolate the term∑

i,p

ỹiaijpvpr = −gUjr + 4λ
∑
m

ujmxmr

and insert it into (17) as

T0 =
∑
j,r

(
−g∗Ujr + 4λ

∑
m

u∗jmx
∗
mr

)
gUjr

, −‖GU‖2F + 4λ
〈
X,UHGU

〉
F
, (19)

where 〈·, ·〉F denotes the Frobenius product. Inserting (19)
into (16) yields

∂DU

∂µ
= −‖GU‖2F + 4λRe

{〈
X,UHGU

〉
F

}
+ µ

∥∥A (GUV H
)∥∥2

2
. (20)
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Next we treat the scale difference term SU of (11), which we
simplify as

SU = λ
∥∥(U − µGU ) H (U − µGU )− V HV

∥∥2
F

= λ
∥∥U ′HU ′ − V HV

∥∥2
F

= λ ‖X ′‖2F , (21)

where
U ′ = U − µGU .

From (21) and (14) we also find

X ′ = X − µ
(
UHGU + GH

UU
)

+ µ2GH
UGU . (22)

At this point we introduce some abbreviations to further sim-
plify (22) as

A = GH
UU + UHGU (23)

B = GH
UGU , (24)

so
X ′ = X − µA + µ2B. (25)

Due to a better handling of the Frobenius norm we again uti-
lize the sum notation

(X ′)ij = x′ij =
∑
s

u′∗siu
′
sj −

∑
t

v∗tivtj

to find the derivative as

∂SU

∂µ
= λ

∂

∂µ
‖X ′‖2F = λ

∂
∑
i,j x

′∗
ijx
′
ij

∂µ

= 2λRe

∑
i,j

∂x′ij
∂µ

x′∗ij

 . (26)

The required derivative is

∂x′ij
∂µ

=
∂
∑
s u
′∗
siu
′
sj

∂µ
=
∂
∑
s (U∗ − µG∗U )si (U − µGU )sj

∂µ

=
(
2µGH

UGU −GH
UU −UHGU

)
ij

= (2µB −A)ij , (27)

where at the last step we inserted the abbreviations (23) and
(24). Inserting (27) into (26) yields

∂S

∂µ
= 2λRe

∑
i,j

x′∗ij (2µB −A)ij


= 2λRe {〈X ′, 2µB −A〉F} . (28)

By combining (20) and (28) we have in total

∂F (U − µGU ,V )

∂µ
= −‖GU‖2F + µ

∥∥A (GUV H
)∥∥2

2

+ 4λRe
{〈

X,UHGU

〉
F

}
+ 2λRe {〈X ′, 2µB −A〉F}︸ ︷︷ ︸
T1

.

The term T1 can be further simplified by use of (22) and car-
rying out some lengthy additional simplification steps which
result in

∂F (U − µGU ,V )

∂µ
= 2λRe

{
2µ3 ‖B‖2F − 3µ2 〈A,B〉F

+ µ

(
2 〈X,B〉F + ‖A‖2F +

1

2λ

∥∥A (GUV H
)∥∥2

2

)
− 1

2λ
‖GU‖2F + 〈X,C〉F

}
, (29)

where in addition to (23) and (24) the abbreviation

C = UHGU −GH
UU (30)

was introduced.
The derivative regarding µV from (10) is computed in an

analogous manner to that of µU from (9), however, some mi-
nor differences exist. The final result of this derivation is

∂F (U ,V − µGV )

∂µ
= 2λRe

{
2µ3 ‖E‖2F− 3µ2 〈D,E〉F

+ µ

(
−2 〈X,E〉F + ‖D‖2F +

1

2λ

∥∥A (UGH
V

)∥∥2
2

)
− 1

2λ
‖GV ‖2F + 〈X,F 〉F

}
, (31)

where the gradient in (10) is given by

GV = − (A∗ (ỹ)) HU − 4λV X

and the following abbreviations were introduced

D = GH
V V + V HGV (32)

E = GH
V GV (33)

F = GH
V V − V HGV . (34)

2.2. Unique solutions for µU and µV

As can be seen from (29) and (31), the derivatives are third
order polynomials in µ and as such have in general three ar-
bitrary roots. However, for valid step sizes, we need a single
positive real root. We prove that this is always the case in the
framework of the BFGD algorithm by first showing that only
one real root exists and second that this real root is positive.

Since the regularized objective function (4) is the sum of
two functions f (·) and g (·) which are convex in U and V ,
(4) is convex in U and V too. Therefore it has only one global
minimum and thus only one real point where its derivative is
zero. The same holds for the restricted functions in (7) and
(8). The derivatives (29) and (31) thus can only have one real
and two complex roots.

To prove this single real root is positive, we take a closer
look at the polynomial´s coefficients. The polynomial has the
general form

aµ3 + bµ2 + cµ+ d = 0.
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By use of Descartes’ rule of signs we can determine the sign
of the roots, for which we only need to know the signs of the
coefficients [13]. Those are shown in Tab. 1. The coefficient
a is positive. The sign of coefficient b is unknown because A
and D are indefinite matrices. Coefficient c is almost surely
positive since X = UHU−V HV is the difference of almost
identical covariance matrices. Since U and V stem from a
SVD as L = ŪΣV̄ H and U = ŪΣ1/2 and V = V̄ Σ1/2, X
has only entries close to zero. We thus may neglect 〈X,B〉F
and 〈X,E〉F compared to the remaining terms in (29) and
(31). The same argument holds for coefficient d where we
may neglect 〈X,C〉F and 〈X,F 〉F. In summary we have

+ |a|µ3 ± |b|µ2 ± |c|µ− |d| = 0

which yields either one or three change of signs. According
to Descartes’ rule we have for

1 change of signs: 1 positive real root and 2 negative or
complex roots.

3 changes of signs: 1 or 3 positive real roots, 2 or 0
complex roots, and 0 negative roots.

In either case we are guaranteed to have at least one positive
real root Q.E.D. In case of three changes of signs we are guar-
anteed to only have one positive real root due to the convex
objective function. By taking care that d < 0, we ensure to
have a positive real root. The signs of b and c do not matter.

2.3. Step size determination

Since we can neglect the impact of X due to the reasons
stated in Section 2.2, we may simplify (29) and (31) as

∂F (U − µGU ,V )

∂µ
' 4λµ3 ‖B‖2F−6λµ2 Re {〈A,B〉F}

+ µ
(

2λ ‖A‖2F +
∥∥A (GUV H

)∥∥2
2

)
− ‖GU‖2F = pU (35)

∂F (U ,V − µGV )

∂µ
' 4λµ3 ‖E‖2F−6λµ2 Re {〈D,E〉F}

+ µ
(

2λ ‖D‖2F +
∥∥A (UGH

V

)∥∥2
2

)
− ‖GV ‖2F = pV . (36)

The optimal step sizes (7) and (8) are thus

µU = real root of (pU ) (37)
µV = real root of (pV ) , (38)

where real root of (·) denotes an operator which yields only
the pure real root of the three possible roots of (35) and (36).
The computationally most expansive part in (35), exemplarily,
is A

(
GUV H

)
in case of a random sensing operator. If we

would use an inexact line search strategy like Armijos rule

F (Ut − µUGU ,Vt) ≤ F (Ut,Vt) + σµUB, (39)

with σ ∈ (0, 1), at least two evaluations of F (·, ·) are needed
and as such also two evaluations of the sensing operator

A (·). The computational complexity of (35) and (39) is
O
(
d1d2 (n+ r) + r2d1

)
(neglecting X in F (·, ·) of (39)

for a fair comparison), however, our proposed method needs
d1d2 (n+ r)− 2r2d1 multiplications less and d1d2 variables
less to store which saves memory space and CPU time. Sim-
ilar results emerge for Goldsteins or the Wolfe rules. Finally
it shall be mentioned, that no SVDs in (35) and (36) are
required.

3. SIMULATION RESULT

A Matlab program was designed to test the proposed step
size calculation. The BFGD algorithm was used to solve (1),
where the step sizes were calculated in every iteration step
using (37) and (38). The dimension size was set exemplarily
to d1 = d2 = 70, the rank to r = 14, the number of mea-
surements to n = d1d2/2 = 2450, λ = 1/8, and the entries
of the affine transformation A, Utrue, and Vtrue were drawn
from complex standard normal distributed random samples.
The columns of the matrices Utrue and Vtrue were further
orthogonalized and their respective `2 norms were equalized
such as if Utrue and Vtrue would stem from an SVD. The ini-
tial solutions U0 and V0 were obtained by perturbing Utrue

and Vtrue by adding substantial complex standard normal dis-
tributed noise followed by the orthogonalization and equal-
ization procedure described before. Further, an SNR =∥∥A(L̃)

∥∥2
2
/
∥∥e∥∥2

2
= 40 dB was used. The results are shown on

the top of Fig. 1 where the squared reconstruction error (SRE)
metric SRE =

∥∥L − L̃
∥∥2
F
/
∥∥L̃∥∥2

F
for various step sizes and

for the proposed step size determination are shown. It can be
seen that our proposed approach results in best convergence
rate. Furthermore, it is evident that the convergence rate is
very sensitive to the chosen step size. For a step size close to
the proposed one the error drops at a faster rate compared to
different choices. The determined step sizes in every iteration
step are shown on the bottom of Fig. 1. One may deduce from
the similarity of the two graphs that it is possible to reduce the
computational burden of the step size determination by using
the same step size for both µU and µV accepting a slightly
worse convergence rate. Furthermore, one may determine an
optimal fixed step size from a reasonably converged step size
sequence as apparent in Fig. 1 (bottom).

4. CONCLUSION

In this paper, an exact line search approach for finding low-
rank solutions using the BFGD algorithm has been pro-
posed for the specific yet very often applied case of using the
squared Frobenius norm as regularizer. It is proven that only
one valid real positive solution for the step size determination
exists. The computational complexity of the proposed method
has the same order of magnitude than common inexact line
search approaches e. g. Armijo, Goldstein or Wolfe rules.
However, our method is computationally less demanding as it
needs only one execution of the sensing operatorA compared
to inexact strategies, which need at least two. As such our
method needs less memory space and CPU time. Simulations
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Coefficient (29) (31) Sign

a 4λ ‖B‖2F 4λ ‖E‖2F ≥ 0

b −6λRe {〈A,B〉F} −6λRe {〈D,E〉F} ≷ 0

c 2λRe
{

2 〈X,B〉F + ‖A‖2F
}

+
∥∥A (GUV H

)∥∥2
2

2λRe
{
−2 〈X,E〉F + ‖D‖2F

}
+
∥∥A (UGH

V

)∥∥2
2

? 0

d −‖GU‖2F + 2λRe {〈X,C〉F} −‖GV ‖2F + 2λRe {〈X,F 〉F} . 0

Table 1. Signs of coefficients of (29) and (31).
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Fig. 1. Top: Convergence performance in SRE. Bottom: Step
sizes determined by proposed approach.

demonstrated the functionality of the proposed method and
illustrated how one can find an optimal constant step size if
desired.
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