
Graph Learning and Augmentation Based
Interpolation of Signal Strength for Location-Aware

Communications
Hong-Ming Chiu

Dept. of Electronics Engineering
National Chiao Tung University

Hsinchu, Taiwan
hongmingchiu0217@gmail.com

Carrson C. Fung
Institute of Electronics

National Chiao Tung University
Hsinchu, Taiwan
c.fung@ieee.org

Antonio Ortega
Signal and Image Processing Institute

Department of Electrical and Computer Engineering
University of Southern California

Los Angeles, USA
antonio.ortega@sipi.usc.edu

Abstract—A graph learning and augmentation (GLA) tech-
nique is proposed herein to solve the received signal power
interpolation problem, which is important for preemptive re-
source allocation in location-aware communications. A graph
parameterization results in the proposed GLA interpolator
having superior mean-squared error performance and lower
computational complexity than the traditional Gaussian process
method. Simulation results and analytical complexity analysis are
used to prove the efficacy of the GLA interpolator.

Index Terms—Graph learning, graph augmentation, interpo-
lation, location-aware, resource allocation

I. INTRODUCTION

Achieving high spectral efficiency and low latency are
important goals in wireless communication systems such as
5G and beyond. One way of accomplishing these goals is to
preemptively allocate communication resources, such as access
points (APs), to locations that may require extra power. A data-
driven approach can be used to estimate the power at various
locations by first collecting a limited number of power signal
samples (training samples) in the field, and then interpolating
the signal strength at locations where measurements were not
taken. Gaussian processes (GP) [1] were proposed in [2]–
[4] to estimate received signal power in an entire region that
contains a single AP by modeling the signal power as a GP,
where its mean and covariance are parameterized by channel
model parameters. These parameters are estimated offline
using training samples that contain signal power collected at
different locations and the locations of which they were taken.
The signal power at a new location can then be obtained by
cross-correlating the locations of the training samples with
the new location, where the correlation process depends on
the mean and covariance matrix of the GP estimated in the
training step. The correlation will be high provided that the
new location is in the proximity of where the training samples
were taken. The WiFi-SLAM problem was extended to the
case where received signal power has to be estimated from
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several APs in the field in [5], where the need to know the
exact measurement locations was bypassed by modeling the
location as a latent variable in the GP model.

Besides spatial estimation of received signal power, [6]
also utilized the Gaussian process and kernel “trick” [7]
to predict future channel gain. In [6], both the slow- and
fast-fading component of the wireless channel are modeled.
[8] proposed a Gaussian process technique that can predict
received signal power even when there is uncertainty in the lo-
cation where the training samples are collected. Unfortunately,
all these previously proposed techniques rely on accurately
estimating the parameters of the channel model, which is
unlikely to be possible with sufficient reliability, given that
the underlying estimation problem is nonconvex. Although
alternating minimization can be used to learn the parameters,
it is highly sensitive to initial conditions and is not guaranteed
to converge.

A graph learning and augmentation technique is proposed
herein to estimate received power signal in a region with a
single AP by collecting training samples of power signal at
several locations prior to the estimation process. The main
novelty of proposed approach is to regard training signals
as graph signals [9], corresponding to a graph where each
vertex represents a measurement location. The relationships
between signals at different nodes are modeled by a general-
ized graph Laplacian that corresponds to the precision matrix
of a Gaussian-Markov random field (GMRF) model [10]. An
additional graph augmentation step is required to solve the
signal strength interpolation problem. Hence, the proposed
interpolator is called graph learning and augmentation (GLA)
interpolator. Even though the GP approach relies on estimating
the covariance matrix of the GP, which can be regarded as a
graph Laplacian, this matrix is populated by hyperparameters
that are obtained by solving nonconvex problems, which in
turn, affects the quality of the graph matrix. This is not the
case for the GLA, as the elements are directly estimated from
the data by solving a series of convex problems.
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II. METHODOLOGY

A. Notation

Uppercase (lowercase) bold face letters indicate matrices
(column vectors). Superscript (·)T denotes transposition. [A]ij
denotes the (i, j)th element of A. E[·] stands for statistical
expectation of the entity inside the square bracket. N (μ,C)
denotes Gaussian distribution with mean μ and covariance
matrix C. U [a, b] denotes Uniform distribution between a and
b. A � 0N designates A as an N × N symmetric positive
semidefinite matrix. 0N , 1N and IN denote a column vector
with N zeros, N ones and N×N identity matrix, respectively.
tr(·) denotes the trace of the matrix. (A)off denotes the off-
diagonal elements of A. (A)◦n denotes raising the elements
of A to the power of n. exp(A) denotes element-wise ex-
ponential of matrix A. vech(·) denotes matrix vectorization
(i.e. stacking the columns) with only the off-diagonal elements
omitted. � denotes matrix element-wise multiplication and |·|
denotes matrix determinant.

B. Signal and Channel Model

Denote xs,xi ∈ R
2 as vectors that contain the x and y

coordinates of the source and sink node, respectively. As-
sume the log-normal shadow fading model [11, p. 102], and
without loss of generality, further assume that the transmit
signal power equals 0 dBm. The received signal power at
xi from an AP at xs can be expressed in dBm as [12]
p (xs,xi) = L0 − 10η log10 (‖xs − xi‖2) + ψ (xs,xi), where
L0 is the reference distance, η is the path-loss exponent and
ψ(xs,xi) ∼ N

(
0, σ2

ψ

)
represents the location-dependent

shadow fading in dB between xs and xi. σ2
ψ denotes the shad-

owing variance. It is well known that the spatial correlation of
the shadow fading is a decreasing function [13] such that its
spatial covariance function can be given as [12] C (xi,xj) �
E [ψ (xs,xi) , ψ (xs,xj)] = σ2

ψ exp
(
− ‖xi−xj‖2

dc

)
, where dc

denotes correlation distance. It is clear that the correlation of
the shadow fading between two locations only depends on
their relative distance. Notice that the above log-distance path
loss model is not the only choice and the subsequent method
can be generalized, for example, to wideband PCS microcell
model [11, p. 120].

Assume that N sensors are randomly placed at different
locations in a fixed-size region to measure signal strengths
and that there are L remaining points where the received
signal power needs to be estimated. That is, the region is
sampled uniformly at N + L locations and N samples are
randomly selected to be the measured points. Each sensor is
assumed to collect signal for T units of time so that the noisy
observed signal strength at time t ∈ {1, . . . , T } is written as
pst = Jspt + wst ∈ R

N , where Js ∈ R
N×(N+L) denotes

a downsampling matrix that downsamples the signal strength
vector pt ∈ R

N+L, which contains received signal power at
all of the L+N points at time t. wst ∈ R

N denotes the zero-

mean additive white Gaussian noise (AWGN) vector at time t
with σ2

w denoting its variance. Furthermore, define

d � [−10 log10 (‖xs − x1‖2) . . .− 10 log10 (‖xs − xN+L‖2)]T

then

pt = Hθ +ψ and pst = Js (Hθ +ψ) +wst, (1)

where H =
[
1N+L d

] ∈ R
(N+L)×2, θ =

[
L0 η

]T
, and

ψ �
[
ψ(xs,x1) · · · ψ(xs,xN+L)

]T
. It is clear that pt

is also Gaussian distributed pt ∼ N (μ,C) with [C]ij =
C (xi,xj), for i, j = {1, . . . , N + L} and μ = Hθ.

C. Power Map Interpolation

The proposed GLA signal strength interpolation algorithm
involves three steps. First, using the data collected fromN sen-

sors, a generalized graph Laplacian (GGL), Σ̂
−1

s , is obtained
from the algorithm in [10], which measures the relationship
between the signal strength at different graph vertices. This
is followed by an augmentation step to “expand” the graph
model for all N + L points Σ̂ so that the final interpolation
step can take place. The second step solves for the estimate
of θ, which includes the estimate of L0 and η, by collecting
and exploiting T samples of pst during the estimation process.
Finally, an estimate of shadow fading ψ̂ is acquired via MAP
estimation by exploiting Σ̂s and Σ̂ obtained in the first step.

D. Step 1: Graph Learning and Augmentation (GLA)

The GGL Σ−1
s ∈ R

N×N can be obtained as [10]

Σ̂
−1

s = argmax
Σ−1
s ∈Lg

log
∣∣Σ−1

s

∣∣+tr
(
SΣ−1

s

)
+
∥∥M�Σ−1

s

∥∥
1
, (2)

where M � 0N denotes a regularization matrix. S =
1
T

∑T
t=1 (pst − ps) (pst − ps)

T , with ps = 1
T

∑T
t=1pst be-

ing the sample mean of pst. Lg � {L |L � 0N , [L]ij ≤ 0 ,
i �= j = 1, . . . , N } defines a set of N × N GGL matrices.
M = 0 in the simulation.

A linear regression approach is used to obtain the com-
plete graph, which contains pairwise weights between all the
N + L points. The regression utilizes Σ̂s to find the channel
parameters that will then be used to find the complete graph
matrix. Define D ∈ R

(N+L)×(N+L) whose (i, j)th element
equals [D]ij = ‖xi − xj‖2, for i, j = 1, . . . , N + L, and
let Ds = JsDJTs be the matrix that contains only Euclidean
distances between measurements. From the channel model and
AWGN noise assumptions, the off-diagonal elements of Σ̂s

can be approximated as(
Σ̂s

)
off

≈ (
JsCJTs + σ2

wIN
)

off
=

(
Jsσ

2
ψ exp

(
−D

dc

)
JTs

)
off

=

(
exp

(
lnσ2

ψ − Ds

dc

))
off

.

Then (− ln Σ̂s)off = (− lnσ2
ψ + Ds

dc
)off. The right-hand side

can be expanded as an nth-order polynomial in Ds so that
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− ln Σ̂s ≈ a0 + a1Ds + · · · + anD
◦n
s . The parameter a =[

a0 · · · an
]T

can be easily obtained by solving

â = argmin
a∈Rn+1

∥∥∥vech(− log
(
Σ̂s

))
−Ba

∥∥∥2

2

=
(
BTB

)−1
BTvech

(
− log

(
Σ̂s

))
,

where B =
[
1N(N−1) vech (Ds) vech

(
D◦2
s

)
. . . vech (D◦n

s )
]
.

The complete graph Σ̂ ∈ R
(N+L)×(N+L) is therefore

Σ̂ = exp
(− (

â0 + â1D+ â2D
◦2 + . . .+ ânD

◦n)) . (3)

E. Step 2: Mean Estimation

With the partial graph Σ̂s from the first step, the joint
probability density function (pdf) of the random variables
P1, . . . ,PT with unknown parameter θ can be calculated as

fP1,...,PT (p1, . . . ,pT ; θ) =

T∏
t=1

fPt(pt)
1√

(2π)N |Σ̂s|

exp

(
−1

2
(pst − JsHθ)

T
Σ̂

−1

s (pst − JsHθ)

)
.

Notice that Pt, for t = 1, . . . , T , are assumed to be statistically
independent, even though this may not be true in an actual
scenario. A maximum likelihood estimator can then be used
to find the mean parameter θ as

θ̂ = argmax
̂θ

fP1,...,PT (p1, . . . ,pT ; θ)

=
(
HT
s Σ̂

−1

s Hs

)−1

HT
s Σ̂

−1

s ps,

where Hs = JsH. The estimated mean μ̂ is therefore

μ̂ = H
(
HT
s Σ̂

−1

s Hs

)−1

HT
s Σ̂

−1

s ps. (4)

F. Step 3: MAP Estimator

Finally, solving the interpolation problem to obtain an
estimate of pt, for t = T + 1, . . . requires finding an
estimate for ψ. A MAP estimator in this case can exploit
the partial and complete graphs, Σ̂s and Σ̂, from (2) and (3),
respectively. This can be done by first zeroing the mean of
pst in (1) using θ̂ so that p′

st � pst − Hsθ̂ = Jsψ + wst.
Then the posterior pdf of ψ becomes fΨ|P′

st
(ψ|p′

st) ∝
fP′

st|Ψ (p′
st|ψ) fΨ (ψ) = fWs (p

′
st − Jsψ) fΨ (ψ), where

the last equality is true because ψ and wst are independent.
The first term in the posterior pdf can be evaluated as

fWs (p
′
st − Jsψ) =

1√
(2πσ2

w)
N

exp

(
− 1

2σ2
w

‖p′
st − Jsψ‖22

)

and the prior distribution of ψ equals

fΨ (ψ) =
1√

(2π)N |Σ̂|
exp

(
−1

2
ψT Σ̂

−1
ψ

)
.

Then

ψ̂ = argmax
ψ∈RN+L

fWs (p
′
st − Jsψ) fΨ (ψ)

= argmin
ψ∈RN+L

1

σ2
w

(p′
st − Jsψ)

T
(p′
st − Jsψ) +ψ

T Σ̂
−1
ψ.

Therefore,

ψ̂ =
1

σ2
w

(
Σ̂

−1
+

1

σ2
w

JTs Js

)−1

JTs p
′
st

= Σ̂JTs

(
JsΣ̂JTs + σ2

wIN

)−1

p′
st, (5)

where the last equality is obtained by using the Woodbury
identity so as to decrease the computational complexity com-
pared to the prior expression which involves two matrix
inverses. Using the result from (4) and (5), the interpolated
received signal power p̂t is therefore

p̂t = Hθ̂ + ψ̂ = μ̂+ Σ̂JTs

(
JsΣ̂JTs + σ2

wIN

)−1

p′
st. (6)

III. SIMULATION RESULTS

A. GLA Interpolation

The interpolated power map using the proposed GLA in-
terpolation algorithm is shown in Fig. 1. The ground truth
is generated using synthetic power map data generated from
the log-normal channel model in [11], [12]. The data were
generated for a region of size 200m × 200m with a single AP
in the center, with a resolution of 4m. The hyperparameters
[σψ, dc, L0, η] = [9, 70, 10, 3]. N = 400 sensors are randomly
placed in the region to collect the signal strength for T = 100
units of time. AWGN with variance σ2

w is generated based on

the signal-to-noise ratio SNR = 10 log
(
σ2
ψ

σ2
w

)
.

Fig. 1 shows the interpolated result using the proposed GLA
algorithm at time instance t > T with SNR = 14dB. Note that
the signal strength of the entire field, including the measured
points, is interpolated. It can be observed that power map
obtained from the proposed method is similar to the ground
truth.

B. Model Mismatch

To show the efficacy of the proposed technique, a model
mismatch is introduced during the interpolation process. The
coordinates of sample points in power map xi is assumed to
be corrupted by measurement error wi ∈ R

2 up to half of the
spatial resolution, such that the actual coordinates are used
during the interpolation process is

x̃i = xi +wi,

where i = 1, . . . , N+L and wi ∼ U [−2, 2] (in meters). Fig.1c
shows the interpolated result with model mismatch and SNR
= 14 dB. It can be seen that the result is similar to that of Fig.
1b, where there was no model mismatch.
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Fig. 1: Ground truth and interpolated power map in dBm. The
white plus sign denotes the position of sensors and the black
cross sign denotes the position of AP. SNR = 14 dB. (a) True
power map and the position of sensors. (b) Interpolated power
map. (c) Interpolated power map with model mismatch.

C. Performance Assessment

The aggregate mean-squared error (MSE) and regional MSE
are adopted as performance metrics, where the aggregated
MSE is defined as

1

R

T+R∑
t=T+1

1

N + L
‖pt − p̂t‖2F ,

which measures the overall MSE between true and interpolated
received power. R is the number of Monte-Carlo simulation.

The regional MSE is defined as

1

R

T+R∑
t=T+1

‖pt (xs,xi)− p̂t (xs,xi)‖22 ,

which measures the MSE between true and interpolated re-
ceived power at location xi. In addition to the MSE, the run-
time performance was also computed on a server with an Intel
8 core i7-2600 3.4GHz CPU.

The following simulations are obtained using the same
environment setting and hyperparameters as stated above, and
the number of experiments for Monte-Carlo simulation equals
R = 1000. The aggregate and regional MSE, and run-time
of the proposed method and the GP based method in [2]
are compared. The block coordinate descent (BCD) method
was used to estimate the parameters [σψ, dc, L0, η] in the GP
method.

D. Aggregate MSE

Figs. 2a and 2b show the aggregate MSE for different num-
ber of measurements and SNR, respectively. The aggregate
MSE with mismatch model are also plotted for comparison
and the analytical aggregate MSE [12] is also plotted as a
performance benchmark. Observe from Figs. 2a and 2b that
the proposed GLA method can still achieve better performance
than the GP with model mismatch, especially in low SNR. This
is because, unlike the GP approach, GLA does not require
solving any nonconvex problems and, thus, does not have
any initial condition issues which might cause divergence or
inaccurate estimated of parameters.

E. Regional MSE

Fig. 3 shows the regional MSE for the proposed GLA algo-
rithm. Observe that the regions that are close to measurements
have lower MSE compared to the regions that are surrounded
by fewer measurements, which agrees with intuition.

F. Complexity Analysis

In the first step of the proposed GLA algorithm, the BCD
algorithm [10] for solving (2) has O(Td(N)+N2) complexity
for each iteration, where Td denotes the time complexity
required to solve the underlying quadratic programming prob-
lem. The graph augmentation step (3) has O((N + L)2)
complexity due to the element-wise squaring of the matrix.
The mean and MAP estimator in steps 2 and 3 involve only
matrix multiplication and inversion which exhibit worst-case
complexity of O((N+L)3). However, the overall computation
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Fig. 2: Aggregate MSE vs. (a) number of measured points. SNR = 14dB. (b) SNR.
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Fig. 3: Regional MSE, where the white plus sign denote sen-
sors’ position and the black cross sign denotes AP’s position.
SNR = 14dB.

complexity in the first step cannot be completely characterized
due to the fact that the BCD algorithm requires varying
number of iterations to converge. Yet the run-time of the
proposed GLA algorithm should exhibit polynomial growth
since the BCD is guaranteed to converge due to the convex
nature of the underlying problem.

Table I shows the empirical run-time for different ratio
of number of measurements to the total number of points
α = N

N+L for the GLA and GP approaches. The convergence
criterion of the BCD algorithm [10, (59)] for GLA is set to ε =
10−9, and the convergence criterion of the BCD algorithm for
GP [2, (8)(9)(10)] is set to ‖ [σψ, dc]pre− [σψ , dc] ‖2 < 10−5.

α 5% 10% 15% 20% 25% 30%
GP 102 1049 2803 4926 6644 8560

GLA 12 47 157 386 909 1577

TABLE I: Empirical run-time (in seconds).

IV. CONCLUSION

A graph learning and augmentation signal strength interpo-
lation algorithm is proposed for location-aware communica-
tions, which has better MSE and run-time performance than a
Gaussian process based method. The GLA approach is better
able to capture relationships between measurements of signal
strength, which resulted in its superior performance.
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