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Orléans, France
antonio.davalos-trevino@etu.univ-orleans.fr

Meryem Jabloun
PRISME Laboratory
Université d’Orléans
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Abstract—Multiscale Permutation Entropy (MPE) is one of
the most common techniques to assess the ordinal information
content within a time series. In the present paper we propose
an explicit, deterministic function of the MPE of a general
ARMA process, as a function only of its parameters and time
scale. We compare our theoretical results with the MPE of
corresponding simulated signals, which further support our
formulation. We also present an exploration of the effects of
the ARMA parameters on the MPE curve, where we found a
monotonic decrease of entropy for long-term time scales, and
highly non-linear effects on short scales. With these results, we
aim to provide a benchmark for the MPE of any real time series
modelled as an ARMA process.

Index Terms—Multiscale Permutation Entropy, ARMA Pro-
cess, Coarse-graining.

I. INTRODUCTION

Permutation Entropy (PE) [1] and Multiscale Permutation
Entropy (MPE) [2] are one of the main ordinal techniques
in the assessment of information content inside time series.
This type of analysis allows the researchers to explore the
complexity of signals in widely different contexts, including
finance [3] [4] and biomedical data [5] [6] [2] [7]. The PE
and MPE are particularly fast and easy to compute, as well as
being robust to non-monotonous transformations [1] [2].
One of the first approaches in understanding a stationary
signal in time series is to adjust a model based on Gaussian
innovations. On top of the well-known properties of Gaussian
models, the particular symmetry they present allows the ex-
plicit PE calculation [8]. In previous articles, we have extended
the mathematical framework of these results for the MPE,
by obtaining the explicit MPE values for Fractional Gaussian
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Noise [9] and first order Autoregresive (AR) and Moving
Average (MA) models [10], as well as characterizing the MPE
expected value, bias, and variance [11]. For this later case we
have confirmed that the MPE can be completely characterized
by knowing the AR and MA parameters.This naturally leaves
us with a follow-up question: Is the MPE on ARMA(p,q)
process of arbitrary order fully determined by its parameters?
During the present work, we will extend the results presented
in [10] to the general ARMA cases, by exploiting the Gaussian
ordinal symmetries in the model under the coarse-graining
procedure, which is a necessary step to obtain the MPE.
The paper is organized as follows: Section II summarizes the
necessary theoretical background for our analysis. We will
present the Permutation Entropy, the Coarse-graining proce-
dure for the Multiscale PE, and the formulation of ARMA
models. Section III will develop the MPE directly from the
Coarse-Grained ARMA model formulation. We will test the
results of our proposition against simulated ARMA signals in
Section IV. Finally, in Section V we will discuss the main
findings.

II. THEORETICAL BACKGROUND

A. Multiscale Permutation Entropy

For a given time series x = [x1, . . . , xN ]T of size N , the
PE [1] measures the information content from the ordinal
patterns present. If we select any d consecutive data points
[xi, . . . , xi+d−1] ∈ Rd from x, we can extract a unique rank
order from the cardinal values. For any embedded dimension
d, there are d! possible patterns in the event set. Using the time
series x, it is possible provide an estimation p̂ = [p̂1, . . . , p̂d!]
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of the pattern probabilities p = [p1, . . . , pd!] by counting the
number of patterns [12],

p̂i =
]{t|t ≤ N − (d− 1)τ, [xt+1, . . . , xt+d−1] type i}

N − (d− 1)τ
(1)

where i = 1, . . . , d! is the pattern type for d, and τ is a positive
integer downsampling parameter for x [13]. For the purposes
of this article, we will set τ = 1 without loss of generality.
With p̂, we compute the PE estimate using the Shannon’s
formulation [1],

Ĥ =
−1

ln(d!)

d!∑
i=1

p̂i ln p̂i (2)

being Ĥ the estimated PE. This statistic has the advantage of
being invariant to nonlinear monotonous transformations [1].
The main disadvantage consists in the necessity of a large
N for the computation to be useful. In general, the condition
N � d! must be satisfied [14].
In [2] the MPE is computed by applying a coarse-grained
procedure [15] on the original signal x. In order to build a
coarse-grained signal x(m), where m = 1, 2, . . . represents
the scale, we must define the coarse-graining procedure as,

x
(m)
j =

1

m

jm∑
i=m(j−1)+1

xi =
1

m
1T [x(j−1)m+1, . . . , xjm]T

=
1

m
1Tx

(m)
j . (3)

This equation divides x into non-overlapping segments of
size m. For the vectorial notation, the vertical vector x

(m)
j

(not to be confused with x
(m)
j , the coarse grained point on

x(m)) is composed of all the elements from the segment, and
1T = [1, . . . , 1]. The resulting coarse signal x(m) is the result
of computing the average value of all the data points within
these segments. Finally, we obtain the MPE by applying the
Entropy definition (2) on x(m).
The MPE is designed to explore the regularities under longer
time scale trends, which are not always captured at the original
time resolution. Nonetheless, this approach accentuates the
need of a large N , since the length of each coarse signal x(m)

is reduced by a factor of 1/m.

B. ARMA Process

The ARMA(p,q) model is one of the most common sta-
tionary models for simulation purposes. The model is defined
as,

Xt = c+ εn +

p∑
i=1

φiXt−i +

q∑
i=1

θjεt−j (4)

where t is a discrete time unit and εt is the present innovation,
which is an independent Gaussian variable with mean zero and
variance σ2. The AR(p) part has the parameters φ1, . . . , φp,
while the MA(q) has θ1, . . . , θq .

The Autocorrelation function for a pure MA(q) model (which
corresponds to the model ARMA(0,q) ) is given by [16],

ρMA(λ, q) =


∑q−|λ|
i=0 θjθj+|λ|∑q

i=0 θ
2
j

, if |λ| ≤ q
0, if |λ| > q

(5)

Nontheless, in the case of a general ARMA(p,q), we need
to solve the generalized Yule-Walker equations [17] using
the AR and MA parameters as the system coefficients. This
allows us to obtain the general ARMA autocorrelation function
ρARMA(λ, p, q), which is directly linked to the MPE, as we
will explain below.

III. MPE AND COARSE-GRAINED ARMA PROCESS

A. Stationary Gaussian Process Properties

Bandt and Shiha [8] noted that, for a stationary Gaussian
process, the pattern probabilities are completely character-
ized by the signal’s autocorrelation function. Moreover, for
dimension d = 3, they provided the reader with the explicit
expression,

p1 =
1

π
arcsin

(
1

2

√
1− ρ(2)
1− ρ(1)

)
(6)

where ρ is the autocorrelation function, and p1 is the proba-
bility of finding the pattern xt < xt+1 < xt+2 (note that this
is not an estimator, but the true probability). Thus, if we know
the random process beforehand, we do not need to estimate
the pattern probabilities from equation (1). The stationary
Gaussian signals also satisfy the following symmetries [8],

p1 = p6

p2 = p3 = p4 = p5 =
1− 2p1

4
. (7)

The pattern probability p6 corresponds to the inverse pattern
of p1, where xt > xt+1 > xt+2. The probabilities p2, . . . , p5
correspond to all the other possible pattern probabilities in
the signal. Therefore, the pattern probability distribution is
completely determined by the autocorrelation function. We
will limit our analysis to the embedded dimension d = 3,
since higher dimensions present complex probabilities and, in
general, do not have a closed form [8].
The ARMA(p,q) process is indeed a stationary Gaussian pro-
cess, so the symmetries in (7) apply. Coarse-grained ARMA
signals have not the same formulation as the original signal,
but are nonetheless stationary Gaussian, since the Coarse-
Graining procedure is built with a linear combination of
the elements of x. We have previously provided an explicit
formulation for the Coarse-Grained MA(1) and AR(1) signal
in [10]. In the following section, we will provide a MPE
expression for the general ARMA(p,q), as a function of its
parameters.
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B. MPE for General ARMA Process

To obtain the MPE of an ARMA process, it is necessary
to find the autocorrelation function for the coarse-grained
signal, so we can compute the pattern probabilities using
(6) and (7). Let X be a ARMA(p,q) process of length N ,
with parameters φ1, . . . , φp and θ1, . . . , θq . The coarse-grained
signal X(m) = [X

(m)
1 , . . . , X

(m)
N/m] is obtained by applying

the Coarse-Grained procedure (3) to the process X (We use
capital X here to denote the signal as a random process,
instead of a real measured signal x in Section II-A). If we
write the autocovariance function explicitly in terms of the
segment vectors (3), we have,

cov
(
X

(m)
j , X

(m)
j+|λ|

)
= E

[
X

(m)
j X

(m)
j+|λ|

]
− E

[
X

(m)
j

]
E
[
X

(m)
j+|λ|

]
= E

[
1TX

(m)
j X

(m)
j+|λ|1

]
− E

[
1TX

(m)
j

]
E
[
1TX

(m)
j+|λ|

]
= 1

m21
T
(
E
[
X

(m)
j X

(m)
j+|λ|

]
− E

[
X

(m)
j

]
E
[
X

(m)
j+|λ|

])
1

= 1
m21

TK
(
X

(m)
j ,X

(m)
j+|λ|

)
1

= σ2

m21
TR(mλ)1 (8)

where the matrix K is the crosscovariance matrix between
the vectors X

(m)
j and X

(m)
j+|λ|, which represent different

segments on the coarse-grained signal X(m). We obtain the
crosscorrelation matrix R(mλ) by decoupling the constant
innovation variance σ2 from K. Explicitly, R(mλ) is,

R(mλ) =
ρ(mλ) ρ(mλ+ 1) . . . ρ(mλ+m− 1)

ρ(mλ− 1) ρ(mλ) . . . ρ(mλ+m− 2)
...

...
. . .

...
ρ(mλ−m+ 1) ρ(mλ−m+ 2) . . . ρ(mλ)


(9)

which is a Toeplitz matrix where the diagonal contains the
autocorrelation function from the original X with lag mλ. The
quadratic form in equation (8) is a compact form to express
the summation of all the elements in the matrix R(mλ).
If we divide equation (8) by the variance of X(m)

j , we obtain
the autocorrelation function ρ(m)(λ,m) of the Coarse-Grained
ARMA signal,

ρ(m)(λ,m) =
1TR(mλ)1

1TR(0)1
, (10)

where R(0) is

R(0) =


1 ρ(1) . . . ρ(m− 1)
ρ(1) 1 . . . ρ(m− 2)

...
...

. . .
...

ρ(m− 1) ρ(m− 2) . . . 1

 (11)

which is symmetric. Since the coarse grained ARMA signal
autocorrelation function is completely characterized, we can

obtain the pattern probability for dimension d = 3 using equa-
tion (6), which also automatically determines the theoretical
MPE of the system by means of equation (2). With this model,
it is now possible to obtain a complete MPE prediction, as a
function of the time scale, for any ARMA model solely as a
function of its parameters and the time scale.

IV. RESULTS

To test the validity of the obtained theoretical MPE expres-
sion from (10), we proposed a series of experiments involving
simulated signals for several ARMA(p,q) model variations. We
selected the following models:

1) ARMA(p,0) with a single parameter φp = 0.25, with
increasing order p, with all lower order parameters set
to zero.

2) ARMA(0,q) with a single parameter θq = 0.25 with
increasing q, also with lower order parameters equal to
zero.

3) ARMA(1,q), with fixed AR parameter φ1 = 0.5, and
adding a new MA terms θ1 = · · · = θq = 0.1 with
increasing order.

4) ARMA(p,1), with fixed MA parameter θ1 = 0.5, and
adding a new MA terms φ1 = · · · = φp = 0.1, also
with increasing order.

Each dotted curve is composed of theoretical values using
equations (6) and (2), using the coarse-grained ARMA au-
tocorrelation function (10). Each solid curve is composed
of the average MPE values of 100 simulated signals from
the corresponding models. The signal length was fixed at
N = 5000. As we did in previous work regarding ARMA
models [10], we increased the signal length at each time scale,
using m ∗ N data points, to avoid the decreasing linear bias
due to the coarse-graining effect [9]. This is not possible for
real signals, but will suffice as a benchmark to test our results,
as shown in Figure 1.

V. DISCUSSION

We first observe that both theoretical curves and and the
simulations behave almost identically. This is observed on
all curves tested. The simulation MPE results appear con-
sistently below the predicted values, which agrees with our
previous findings [9] where we found the MPE statistic to be
biased. Since the experiments keep a constant signal length
of N ∗ m = 5000, the corresponding MPE bias of remains
constant along the curve.
Figures 1a and 1b show the effect of increasing the order
of the ARMA(p,0) and ARMA(0,q) models, respectively. In
both cases, we found the curves to monotonically decrease
their MPE value with increasing order, but only for m ≥ p
or m ≥ q. For time scales below the models’ order, the MPE
shows a highly nonlinear behavior. We must note this is not
a statistical effect from the random process, as the theoretical
deterministic results match. This effect is not clearly evident
in Figures 1c and 1d, albeit we can still claim a monotonical
decrease for large m. We need to perform further tests to
fully characterize these interactions, as well as its effect on
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Fig. 1: MPE vs. time scale for: (a) ARMA(p,0) and (b) ARMA(0,q) with a single parameter of increasing order, c) ARMA(1,q)
and d) ARMA(p,1) with increasing number of parameters. The dotted lines represent the MPE results from our model, while
the solid lines follow the average MPE from simulations.

the measured MPE.
Since a disminution of the MPE value implies a disminution
of information content [1], we can conclude that a high
order ARMA model contains more information within its
parameters, and less information in the random signal itself,
but only if we consider long term effects. The short time scales
seem to be ruled by non-linear interactions, which need further
analysis. As a general remark, we should also note that the
curves for the ARMA(1,0) and ARMA(0,1) model match the
results of our previous work [10], where the coarse-grained
autocorrelation, and thus, the MPE, are explicitly presented.

VI. CONCLUSION
In the present paper we have developed the mathematical

framework to obtain the theoretical Multiscale Permutation
Entropy of a general ARMA model, as a deterministic function
of its parameters. We tested the MPE predictions against
Entropy measurements from simulated signals, which closely
follow the predicted curve, supporting the validity of our

formulation.
This work extend the previous results we obtained for the
first order Autoregressive and Moving Average processes [10].
Since the symmetry properties of Gaussian models allows
the calculation of the exact pattern probability distribution
for embedded dimension equal to three, we are able to find
the theoretical MPE exactly, based on the signal autocorre-
lation function. This is true even after the Coarse-Graining
procedure, which allows us to obtain the MPE at any desired
time scale. Our proposed function allowed us to explore the
parameters’ effect on the MPE curve, finding a monotonical
decrease in Entropy for long-term time scales, and a strongly
non-linear variation in short time scales.
With this work, we can conclude that the Multiscale Per-
mutation Entropy of any ARMA model is a deterministic
function which only depends on the model’s parameters. This
allows us to assess the information content linked to the model
itself, for short fluctuations as well as for trends. By knowing
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the theoretical MPE benchmark, we can compare real-signal
ARMA model estimations by means of Permutation Entropy.
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