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Abstract—Piecewise linear regression is a fundamental chal-
lenge in science and engineering. For typical applications where
noise level varies in observations, the problem becomes much
more challenging. In this paper, we propose a convex optimization
based piecewise linear regression method which incorporates
variation of the noise level. More precisely, we newly design a
convex data-fidelity function as a weighted sum of approximation
errors to mitigate effect of the noise level variation. The weights
are automatically adjusted to the varying noise level within the
framework of convex optimization. Numerical examples show
performance improvements by the proposed method.

Index Terms—Piecewise linear regression, noise level variation,
convex optimization, change detection

I. INTRODUCTION

Piecewise linear regression is a challenging task which aims
to decompose an observed signal into segments where linear
regressions fit well. This task is ubiquitous in science and
engineering, and particularly important for change detection
applications, e.g., [1]–[10] where endpoints of the segments
should reflect significant changes in the signal. We call the
endpoints change points. For typical applications, e.g., change
detection in speech [1], [2] and seismic waves [3]–[5], the task
becomes even more challenging due to variation of noise level
in the observed signal.1

Since direct formulations for searching globally optimal
change points result in hard nonconvex optimization [11],
[12], most existing methods, e.g., [13]–[15] heuristically detect
change points based on local statistics to reduce computational
cost. These methods are local in nature, and thus prone to be
sensitive against noise, as mentioned in [16], [17].

Recently, promising alternative approaches [16]–[20] trans-
late the piecewise linear regression into estimation of a sparse
support in strategically designed representation spaces. At the
cost of disregarding the noise level variation, a sparse support
can be effectively estimated by convex optimization such
as `1 regularized least squares. Namely, under the technical
assumption of a uniform noise level, these approaches find cer-
tain optimal change points via efficient convex optimization.
Thus, although the estimation of a sparse support under the
noise level variation still remains an open problem, it seems
promising to extend the approach to incorporate the noise level
variation.

In this paper, by designing a new convex optimization
formulation for the sparse support estimation under the noise

The first author is now with Ritsumeikan University (e-mail:
kuroda@media.ritsumei.ac.jp).

1For simplicity, the term noise is used to refer to modeling error as well
as observation noise.

level variation, we improve the robustness of the sparsity-
aware approach against variation of the noise level. More
precisely, we newly design a convex data-fidelity function
under consideration of the noise level variation. We focus on
the point that the existing approaches neglect the noise level
variation due to the uniform sum of approximation errors.
Motivated by this observation, we design the data-fidelity
function by introducing weights of approximation errors which
are adapted to the varying noise level via convex optimization.
The design of the proposed data-fidelity function is inspired
by the idea in, e.g., [21]–[23] where a single weight is used to
estimate a uniform noise level. In contrast with [21]–[23], the
weights of the proposed data-fidelity function are encouraged
to be piecewise constant to cope with abrupt changes of the
noise level.

To demonstrate the effectiveness of the proposed method for
piecewise linear regression under variation of the noise level,
we compare the proposed method against the `1 regularized
least squares based method. The results show performance
improvements by the proposed technique. In addition, in our
experiments, the performance of the proposed method is not
sensitive against the tuning parameter which controls the
degree of noise level variation.
Notations: N, R, and R>0 denote the sets of nonnegative
integers, real numbers, and positive real numbers respectively.
For matrices or vectors, we denote the transpose by (·)>. For
x ∈ RN and X ∈ RN×M , [x]n and [X]n,m respectively
denote the n-th component of x and the (n,m) entry of X .
We define the support of x ∈ RN by supp(x) := {n ∈
{1, . . . , N} | [x]n 6= 0}. The `1 norm and the `0 pseudo-norm
of x ∈ RN are respectively denoted by ‖x‖1 :=

∑N
n=1

∣∣[x]n
∣∣

and ‖x‖0 := |supp(x)|. We define the null space of X ∈
RN×M by N (X) := {u ∈ RM |Xu = 0}.

II. PRELIMINARIES

A. Problem Formulation

We consider that the observed signal yn (n = 1, . . . , N) is
modeled by a piecewise linear regression model with variation
of the noise level:

yn :=





ξ>n ϑ
?
1 + σ?1εn, (n ∈ [1, n?1]),

...
ξ>n ϑ

?
` + σ?` εn, (n ∈ (n?`−1, n

?
` ]),

...
ξ>n ϑ

?
L+1 + σ?L+1εn, (n ∈ (n?L, N ]),

(1)
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where ξ1, . . . , ξN ∈ RK are the known regression vectors,
n?1 < · · · < n?L are unknown change points, ϑ?1, . . . ,ϑ

?
L+1

consist of unknown coefficients in each time-segment. In par-
ticular, this paper considers unknown scales σ?1 , . . . , σ

?
L+1 > 0

associated with the noise term εn ∈ R. Note that εn includes
modeling error and observation noise. Although this is a sort
of the heteroscedastic noise model, we focus on the partic-
ular situation where the noise variance is constant between
consecutive change points which are unknown in advance.

The goal of piecewise linear regression is to estimate
n?1, . . . , n

?
L ∈ {1, . . . , N} and ϑ?1, . . . ,ϑ

?
L+1 ∈ RK from

(ξn, yn)Nn=1. Remark that, once n?1, . . . , n
?
L are estimated, the

estimation of ϑ?1, . . . ,ϑ
?
L+1 reduces to the classical linear

regression in each time-segment. Thus, the major goal of
piecewise linear regression is the estimation of n?1, . . . , n

?
L.

The problem shown in (1) reproduces many scenarios in the
literature as its special instances. For instance, the problem (1)
reproduces change detection in mean and variance of Gaussian
random variables, e.g., [1] by specially setting ξn = 1
and supposing that ε1, . . . , εN are independently drawn from
Gaussian distribution N (0, 1). The problem (1) also covers
segmentation of piecewise auto-regressive processes, e.g., [1]–
[6] by restricting ξn to ξn = (yn−1, . . . , yn−K)>. In addition,
recovery of piecewise polynomial signals, e.g., [7], [8] and
piecewise sinusoidal signals, e.g., [9], [10] are reproduced by
setting ξn = (ϕ1(n), . . . , ϕK(n))> with ϕ1, . . . , ϕK defined
as polynomial functions and sinusoidal functions respectively.

B. Translating Piecewise Linear Regression into Estimation of
Sparse Support

Based on [20], we briefly demonstrate how the estimation of
n?1, . . . , n

?
L can be reduced to the estimation of sparse support.

In the next lemma which is an application of [20, Lemma 1 &
Theorem 1], we show the design of W ∈ R(N−K)×N which
makes Ws? sparse for noiseless samples

s? := (y1 − ε̃1, . . . , yN − ε̃N )> ∈ RN ,

where ε̃n := σ?` εn when n ∈ (n?`−1, n
?
` ] for some ` ∈

{1, . . . , L+ 1}.2

Lemma 1 (Support of Ws?). For each n = 1, . . . , N −K,
define Φn := (ξn, . . . , ξn+K)> ∈ R(K+1)×K , and let wn ∈
N (Φ>n )\{0}. Construct the matrixW ∈ R(N−K)×N by using
wn to build its n-th row (n = 1, . . . , N −K) as

([W ]n,1, . . . , [W ]n,N ) := (0, . . . , 0︸ ︷︷ ︸
n−1

,w>n , 0, . . . , 0︸ ︷︷ ︸
N−n−K

). (2)

Then, the support of Ws? is covered as

supp(Ws?) ⊂
L⋃

`=1

{n?` −K + 1, . . . , n?`}. (3)

The inclusion (3) implies that Ws? ∈ RN−K has at most
KL nonzero components. Thus, if KL� N (i.e. the number
of samples is sufficiently many), Ws? is sparse.

2For convenience, we let n?
0 := 0 and n?

L+1 := N .

Meanwhile, Lemma 1 shows that the locations of change
points n?1, . . . , n

?
L are reflected in supp(Ws?). This suggests

that the estimation of supp(Ws?) is the key step for the
estimation of n?1, . . . , n

?
L. Indeed, if supp(Ws?) is correctly

estimated, n̂1, . . . , n̂L̂ obtained by the following algorithm are
consistent with n?1, . . . , n

?
L under technical conditions which

usually hold (see [20, Theorem 3] for detail). Note that
information on L is not explicitly utilized in this paper, though
it would be beneficial for the estimation of n?1, . . . , n

?
L.

Algorithm 1 (Estimation of change points n?1, . . . , n
?
L). Let

supp(Wŝ) be the estimate of supp(Ws?) (For the estimation
of supp(Wŝ) under the noise level variation, see Section III
below). Then, we obtain the estimates n̂1, . . . , n̂L̂ as

n̂L̂ = max{n ∈ {1, . . . , N −K} | [Wŝ]n 6= 0},
n̂L̂−1 = max{n ∈ {1, . . . , n̂L̂ −K} | [Wŝ]n 6= 0},

...

n̂1 = max{n ∈ {1, . . . , n̂2 −K} | [Wŝ]n 6= 0},

where L̂, the estimate of L, is defined so that {n ∈
{1, . . . , n̂1 −K} | [Wŝ]n 6= 0} = ∅.

III. PROPOSED METHOD

The proposed piecewise linear regression method first esti-
mates supp(Ws?), and then estimates n?1, . . . , n

?
L by Algo-

rithm 1.
The key of the proposed method is the convex optimization

formulation which incorporates the noise level variation for
estimation of supp(Ws?). In Section III-A, we newly design
a convex data-fidelity function ψ(s) which measures the error
between y1, . . . , yN and components of s under consideration
of the noise level variation. Then, in Section III-B, we present
a solver for the proposed formulation which combines the
newly designed data-fidelity function and ‖Ws‖1 promoting
the sparsity of Ws, i.e.,

min
s∈RN

ψ(s) + λ‖Ws‖1, (4)

where λ > 0 controls the importance of sparsity.

A. Design of the Data-Fidelity Function

We first design a nonconvex data-fidelity function ψ̃(s),
and then obtain ψ(s) as a certain convex relaxation of ψ̃(s).
The proposed data-fidelity function is inspired by the idea
in, e.g., [21]–[23] for joint estimation of uniform noise level
and regression coefficients. In our context, the data-fidelity
function of [21]–[23] is defined as

min
σ>0

(
N∑

n=1

(yn − [s]n)2

σ
+ σ

)
,

where σ is introduced to estimate the uniform noise level.
Introduction of σ in this way is beneficial in terms of convexity
of the overall cost function in (s, σ) ∈ RN × R>0, when
substituted into (4) for ψ. If n?1, . . . , n

?
L are known, this
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data-fidelity function can be naturally extended to cope with
multiple noise levels:

min
σ1,...,σL+1>0

L+1∑

`=1




n?∑̀

n=n?`−1+1

(yn − [s]n)2

σ`
+ σ`


 . (5)

This data-fidelity function mitigates the effect of noise level
variation by adjusting the weights 1/σ1, . . . , 1/σL+1, i.e.,
assigning larger σ` if (yn − [s]n)2 for n ∈ (n?`−1, n

?
` ] have

larger errors. However, since n?1, . . . , n
?
L are unknown, this

data-fidelity function is not available in practice. Thus, we
propose to use the minimum over possible change points:

ψ̃(s) := min
σ1,...,σL+1>0,
(n1,...,nL)∈I

L+1∑

`=1




n∑̀

n=n`−1+1

(yn − [s]n)2

σ`
+ σ`


 ,

(6)

where I := {(n1, . . . , nL) ∈ {1, . . . , N}L |n1 < · · · < nL}
is the set of possible change point locations.

The data-fidelity function ψ̃(s) is expected to effectively
approximate (5) because of the following reason. Roughly
speaking, the function in (6) is suppressed when a single
weight is assigned to consecutive (yn−[s]n)2’s of close values.
Meanwhile, since we suppose that the noise level is constant
in (n?`−1, n

?
` ], (yn− [s]n)2 for n ∈ (n?`−1, n

?
` ] will have errors

of the same level. Thus, the minimum in (6) is expected to be
attained around n?1, . . . , n

?
L.

Since the grid search of (n1, . . . , nL) ∈ I involved in the
evaluation of ψ̃(s) is computationally intractable, we instead
use ψ(s) which is obtained via convex relaxation of the
function to be minimized in (6). Notice that ψ̃(s) can be
equivalently written as

ψ̃(s) = min
σ∈RN>0

(
N∑

n=1

(yn − [s]n)2

[σ]n
+ [σ]n

)

subject to ‖Dσ‖0 ≤ L,

where D is the first discrete difference operator defined as

D :=




−1 1 0 · · · 0
0 −1 1 · · · 0
...

...
. . .

...
...

0 0 · · · −1 1


 ∈ R(N−1)×N .

By replacing the `0 pseudo-norm with the `1 norm, we
finally obtain the proposed data-fidelity function which can
be evaluated by convex optimization:

ψ(s) = min
σ∈RN>0

(
N∑

n=1

(yn − [s]n)2

[σ]n
+ [σ]n

)

subject to ‖Dσ‖1 ≤ α, (7)

where α > 0 is a tuning parameter to control the degree
of noise level variation. Plugging (7) into (4) yields convex
optimization in (s,σ) ∈ RN×RN>0, for which efficient solvers

are available (see Section III-B). We also present the following
variant by adding the constraint into the data-fidelity function:

ψ(s) = min
σ∈RN>0

(
N∑

n=1

(yn − [s]n)2

[σ]n
+ [σ]n

)
+ κ‖Dσ‖1, (8)

with a tuning parameter κ > 0. Note that, by letting

g(v) = ιBα1 (v) :=

{
0, if ‖v‖1 ≤ α;

∞, otherwise,

for (7) and g(v) = κ‖v‖1 for (8), the proposed data-fidelity
function can be written in a unified form as

ψ(s) = min
σ∈RN>0

(
N∑

n=1

(yn − [s]n)2

[σ]n
+ [σ]n

)
+ g(Dσ). (9)

B. Solver for Proposed Formulation

The proposed formulation (4) with (9) is a convex opti-
mization problem in (s,σ) ∈ RN × RN>0. Moreover, mainly
from [24], we can efficiently compute the proximity operators
of building blocks of the optimization problem. Thus, we can
apply proximal splitting techniques, e.g., [25]–[29] to solve
the problem. In particular, with the first order methods [25]–
[28], we can implement an iterative solver which needs only
O(KN) arithmetic operations per iteration because W has at
most K + 1 nonzero entries in each row (see (2)).

To be precise, we minimize the lower semicontinuous
convex envelope of the cost function (4) with (9). That is,

min
(s,σ)∈RN×RN

N∑

n=1

fn([s]n, [σ]n) + g(Dσ) + λ‖Ws‖1, (10)

where

fn(s, σ) :=





(yn − s)2
σ

+ σ, if σ > 0;

0, if s = yn and σ = 0;

∞, otherwise.

Note that this modification is slight because we only addition-
ally suppose that (yn−[s]n)2

[σ]n
= 0 for [s]n = yn and [σ]n = 0.

From [24, Example 2.4], the proximity operator of fn can
be computed as

proxfn(s, σ)

=





(yn, 0), if σ + (s−yn)2
4 ≤ 1;

(yn, σ − 1), if s = yn & σ > 1;(
s− x s−yn

|s−yn| , σ − 1 + x2

4

)
, otherwise,

(11)

where x > 0 is the unique positive root of

x3 + 4(σ + 1)x− 8|s− yn| = 0,
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and can be explicitly given via Cardano’s formula as follows.
Let p = 4(σ+ 1), q = −8|s− yn|, and D = − q24 −

p3

27 . Then,

x =





3

√
− q2 + 2

√
−D + 3

√
− q2 −

2
√
−D, if D < 0;

2 3

√
− q2 if D = 0;

2
3

√
2

√
q2

4 +D cos
(

arctan(−2 2√
D/q)

3

)
if D > 0,

where 2
√· and 3

√· denote the positive square root and the real
cubic root respectively. For γ > 0, the proximity operator of
γ‖ · ‖1 : Rd → R is given for each i = 1, . . . , d as

[proxγ‖·‖1(x)]i = sign ([x]i) max
{∣∣[x]i

∣∣− γ, 0
}
. (12)

The proximity operator of ιBα1 , which reduces to the `1 ball
projection, can be computed as

proxιBα1
(v) =

{
v, if ‖v‖1 ≤ α;

(sign([v]n)an)N−1n=1 , otherwise,
(13)

where an := max{|[v]n| − (
∑M
m=1 ρm − α)/M, 0} with

M := max{m ∈ {1, . . . , N − 1} | (∑m
i=1 ρi − α)/m < ρm}

and ρ1, . . . , ρN−1 the sorted copy of |[v]1|, . . . , |[v]N−1| in
descending order.

By applying the linearized augmented Lagrangian method
[27], [28], we show an iterative solver for (10) as Algorithm 2.
The sequence (sj ,σj)

∞
j=1 generated by Algorithm 2 converges

to the solution of (10) if β in Algorithm 2 is chosen to be larger
than the maximum singular value of

(
W , O, −I, O
O, D, O, −I

)
where I

and O are the identity and zero matrices of appropriate sizes.

Remark 1 (Combination with other sparse representation).
We focus on the combination of the proposed data-fidelity
function and the sparse representation in [20], but it is
straightforward to combine with other sparse representation
[16]–[19]. Note that, for piecewise linear regression under
the uniform noise level, the lower dimensional representation
space designed in [20] yields superior performance than [16]–
[19]. Thus, it is expected that the combination of the proposed
data-fidelity function and the sparse representation in [20]
yields better performance for the situation where the noise
level varies as well.

IV. NUMERICAL EXPERIMENTS

To show the effectiveness of the proposed method for
piecewise linear regression under the noise level variation, we
conduct numerical experiments on the estimation of piecewise
sinusoidal signals and piecewise linear signals. More precisely,
in (1), we set ξn = (ϕ1(n), . . . , ϕK(n))> (n = 1, . . . , N)
with ϕ1, . . . , ϕK specified below.

a) (Piecewise sinusoidal signal) We define ϕk as

ϕ2k′+1(t) = cos( 2πk′

K t) (k′ = 0, . . . , (K−1)/2),

ϕ2k′(t) = sin(2πk′

K t) (k′ = 1, . . . , (K−1)/2),

with K = 5. We generate components of ϑ?` by a
uniform distribution [−0.5, 0.5].

Algorithm 2: Solver for proposed formulation (10)
Input: β > 0, µ ∈ (0, 1), s0,σ0,u0,v0,η0, ζ0
while a stopping criterion is not satisfied do

s̄j+1 = sj − 1
β2W

>(Wsj − uj) + 1
βW

>ηj
σ̄j+1 = σj − 1

β2D
>(Dσj − vj) + 1

βD
>ζj

ūj+1 = (1− 1
β2 )uj + 1

β2Wsj − 1
βηj

v̄j+1 = (1− 1
β2 )vj + 1

β2Dσj − 1
β ζj

for n = 1, . . . , N do
([s̃j+1]n, [σ̃j+1]n) = proxfn([s̄j+1]n, [σ̄j+1]n)

ũj+1 = proxλ‖·‖1(ūj+1)

ṽj+1 = proxg(v̄j+1)
/* See (11), (12) and (13) for computation of prox */
η̃j+1 = ηj − 1

β (Ws̃j+1 − ũj+1)

ζ̃j+1 = ζj − 1
β (Dσ̃j+1 − ṽj+1)

(sj+1, . . . , ζj+1)=(1−µ)(sj , . . . , ζj)+µ(s̃j+1, . . . , ζ̃j+1)
j ← j + 1

b) (Piecewise linear signal) We define ϕ1(t) = 1 and
ϕ2(t) = t. We set ϑ?` so that

∑K
k=1[ϑ?` ]kϕk(t) in-

terpolates (n?`−1, h1,`) and (n?` , h2,`) for h1,` and h2,`
generated from a uniform distribution [−1, 1].

We set N = 250, (n?1, . . . , n
?
L) = (40, 70, 120, 190),

(σ?1 , . . . , σ
?
L+1) = (1, 100, 10, 5, 50), and generate (εn)Nn=1 as

the white Gaussian noise.
The proposed method first estimates s? by Algorithm 2

solving (10) with g(·) = κ‖·‖1, and then estimates n?1, . . . , n
?
L

by Algorithm 1. For construction of W shown in Lemma 1,
since there exists an arbitrariness of scalar multiplication in
wn ∈ N (Φ>n )\{0}, as a typical example, we here use wn
of unit Euclidean norm ‖wn‖ = 1 (n = 1, . . . , N − K). In
Algorithm 2, β is set to be larger than the maximum singular
value of

(
W , O, −I, O
O, D, O, −I

)
, µ = 1 − 10−4, and iteration is

terminated when the difference between successive iterates is
below the threshold 10−5. Meanwhile, to simply measure the
error between n̂1, . . . n̂L̂ and n?1, . . . , n

?
L, it is beneficial to

have L̂ = L. Thus, we here modify Algorithm 1 by neglecting
components of Wŝ whose values are small enough. More
precisely, we choose (n̂1, . . . n̂L) ∈ {1, . . . , N −K}L by

min
n̂1<···<n̂L

∑

n/∈⋃L`=1{n̂`−K+1,...,n̂`}

∣∣[Wŝ]n
∣∣.

Note that, since ŝ is given at this step, this minimization can
be exactly done in a greedy way. Then, we measure the error
by
∑L
`=1 |n?` − n̂`|/L.

In Fig. 1 where the results are averaged over 100 realizations
of noises, we show the estimation accuracy of the proposed
formulation (4) with (8) for several choices of κ and the
`1 regularized least squares formulation which corresponds
to setting ψ(s) =

∑N
n=1(yn − [s]n)2 in (4). Note that λ,

the weight of ‖Ws‖1, is chosen so that the performance
becomes best, independently for the proposed formulation
with each choice of κ and the `1 regularized least squares
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SNR [dB]

P
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1
|n

? `
�
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(a) Results for piecewise sinusoidal signals.
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(b) Results for piecewise linear signals.

Fig. 1: Estimation accuracy of change points by the proposed formulation (4)
with (8) and the `1 regularized least squares under noise level variation. The
results are averaged over 100 realizations of noises for each SNR.

formulation. The results show that the proposed data-fidelity
function improves the performance under the variation of the
noise level, in particular for lower SNRs. In addition, it can
also be seen that the performance of the proposed method is
not sensitive against the choice of κ.

V. CONCLUSION

In this paper, we presented a convex optimization based
piecewise linear regression method which can cope with
variation of the noise level shown in (1). To this end, we
design a convex data-fidelity function in (8) which mitigates
effect of the noise level variation by adjusting the weights
of approximation errors. Numerical examples demonstrate the
effectiveness of the proposed method for situations where the
noise level varies in the observed signal.
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