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Abstract—The problem of jointly testing a hypothesis and esti-
mating a random parameter in non-Gaussian noise is investigated
in a sequential and distributed setup. The non-Gaussian noise
is modeled by a mixture of a completely known Gaussian dis-
tribution and an unknown contaminating distribution. Starting
from the consensus+innovations approach, we present two robust
communication schemes that are insensitive to the contaminating
distribution. After deriving upper bounds for the variances of
the estimators, a sequential scheme is designed at every sensor
such that i) detection and estimation errors are limited for all
possible contaminating distributions ii) the resulting scheme uses
a minimum number of samples on average. A numerical example
validates the proposed method.

Index Terms—joint detection and estimation, sequential anal-
ysis, distributed inference, statistical robustness

I. INTRODUCTION

In many applications, detection and estimation tasks arise
in a coupled problem, i.e., one has to decide among several
models and estimate simultaneously one or more parameters
of the selected model. The problem of joint detection and
estimation dates back to Middleton and Esposito [1] who
investigated the problem in a Bayesian context. Fredriksen et
al. [2] extended that framework to multiple hypotheses. More
recently, this problem has been investigated in the context of
communications [3], radar [4], change point detection [5] and
biomedical engineering [6], to mention a few.

Sequential analysis dates back to the groundbreaking work
of Wald [7]. In the sequential framework, one is interested in
performing inference, e.g., detection and/or estimation, with
a minimum number of samples while controlling the quality
of the inference. Especially for applications where time and
energy consumption is critical, sequential procedures should
be preferred over conventional ones.

Jointly inferring the true hypothesis and model parameters
while using a minimum amount of samples was first studied
by Yılmaz et al. In [8], [9], the number of used samples is
minimized while keeping a combined detection and estimation
cost function below a certain level. In [10], we developed a
Bayesian framework in which the individual error probabilities
and the mean-squared errors (MSEs) are controlled and the
resulting scheme uses a minimum number of samples on
average. The same framework was then applied to joint signal
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detection and signal-to-noise power ratio estimation [11]. Sub-
sequently, we provided an extension to multiple hypotheses
and applied it to joint symbol decoding and noise power
estimation [12].

Many modern signal processing applications rely on multi-
ple sensors, which form a sensor network. To avoid a single
point of failure and to minimize the communication load in
the network, inference should be performed in a distributed
fashion. That is, instead of sending all information to a fusion
center, the sensors perform inference based on their interaction
with their neighbors.

The development of signal processing algorithms often
relies on the exact knowledge of the data generating model.
Assumptions made throughout the design process might be
violated, and can thus cause the inference to fail. Especially the
assumption of Gaussian noise does not always hold in practice
when the measured signal contains gross outliers. Instead,
robust methods are designed to not break down under model
deviations while working well under the nominal model. An
overview on robust signal processing is given in [13].

In this work, we consider the problem of sequential joint
detection and estimation in a distributed sensor network for
non-Gaussian noise. Herein, the non-Gaussian noise is mod-
eled by a mixture of a completely known Gaussian process
and an unknown contaminating distribution, which allows
to, for example, represent gross outliers. Since treating the
detection and the estimation separately does not result in an
overall optimal performance [14], the true hypothesis and
the parameter have to be inferred jointly. Moreover, each
sensor should use on average a minimum number of samples,
which leads to a sequential setup. We develop a sequential
scheme that jointly infers the true hypothesis and the value
of the random parameter while controlling the detection and
estimation errors at nominal levels, irrespective of the true
contaminating distribution.

This work is structured as follows. In Section II, we formu-
late the problem and review the fundamentals of sequential
joint detection and estimation. The robust communication
schemes are introduced in Section III, which is followed by
a statistical characterization of the resulting state variable
and a derivation of upper bounds on its variance. Based on
these properties, we describe the test design in Section IV. A
numerical example concludes the work.
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II. PROBLEM FORMULATION

Consider a network of K sensors, which can be modeled
by a simple, connected and undirected graph G = (E ,V) with
nodes E and edges V . The open and closed neighborhoods
of node k are given by N o

k =
{
l ∈ E | (k, l) ∈ V

}
and

N c
k=N o

k ∪ {k}, respectively. Each sensor k ∈ {1, . . . ,K} ob-
serves a sequence of random variables X kN =

(
Xk

1 , . . . , X
k
N

)
generated according to the linear model

xkn = θ + vkn , n = 1, . . . , N , (1)

where θ is the random parameter of interest and vkn represents
measurement noise. The random parameter θ could have been
generated under two different hypotheses H0 and H1 with prior
probabilities p(H0) and p(H1), respectively. The underlying
hypothesis only affects the distribution of the random param-
eter θ, i.e.,

H0 : θ ∼ p0(θ) ,

H1 : θ ∼ p1(θ) ,
(2)

where the priors p0(θ) and p1(θ) have a disjoint support to
ensure that the hypotheses are mutually exclusive.

We model the non-Gaussianity of the noise process by ε-
contamination [15]. That is, a fraction 1 − ε of the noise
samples follows a Gaussian distribution, while the remain-
ing fraction follows an unknown contaminating distribution.
Mathematically, this can be written as

vkn
iid∼ F =(1− ε)Fnom + εFcont(1− ε)N (0, σ2

0) + εFcont ,

where 0 ≤ ε < 1 is a known contamination ratio and
Fcont ∈ Fcont is an unknown contaminating distribution. We
restrict the class of contaminating distributions Fcont to zero-
mean symmetric distributions.

Each sensor shall infer the true hypotheses H0 or H1 and
estimate the parameter θ. To perform this inference task,
each sensor has access to its own measurements, as well
as to information from its neighbors. We assume that all
sensors observe the same realizations of Hi and θ, i.e., the
exchanged measurements contain information about the same
phenomenon. Furthermore, it is assumed that these realiza-
tions, i.e., the quantities of interest, remain constant during
the observation period.

Prior to providing a more technical problem formulation, we
revise some fundamentals on sequential joint detection and es-
timation. The stopping and decision rules for sensor k at time
n are denoted by Ψk

n ∈ {0, 1} and δkn ∈ {0, 1}, respectively.
The estimator under Hi at time n and sensor k is denoted by
θ̂ki,n. The collection πk, referred to as policy, comprises the
stopping rule, the decision rule and the estimators at node k.
The number of samples observed by sensor k is

τk = min{n : Ψk
n = 1} .

To evaluate the performance at node k, the average sample
number E[τk] along the error probabilities and the MSEs are
considered, which are defined as

αki = E
[
1{δkτk 6= i}

∣∣Hi

]
, i ∈ {0, 1} ,

βki = E
[
1{δkτk = i}

(
θ − θ̂ki,τk

)2 ∣∣Hi

]
, i ∈ {0, 1} .

In the equations above, 1{·} denotes the indicator function.
In this work, we consider truncated sequential schemes,

i.e., schemes that use at most N samples, thereby implying
that Ψk

N = 1 for all k = 1, . . . ,K. Our inference scheme
limits the detection and estimation errors to certain levels
for each node and all Fcont ∈ Fcont. For tractability reasons,
the problem is solved in two steps. First, a contamination-
insensitive communication scheme has to be developed. Then,
for a given communication scheme, we can proceed as in [16]
and solve

min
πk

E
[
τk
]
, Ψk

N = 1

s.t. αki ≤ ᾱi , βki ≤ β̄i , i = 0, 1 ,
(3)

where ᾱ0, ᾱ1 ∈ (0, 1) and β̄0, β̄1 ∈ (0,∞) are nominal
detection and estimation errors, respectively. As long as N
is large enough and E[θ2 |Hi] <∞ for all i ∈ {0, 1}, Eq. (3)
always admits a solution.

III. ROBUST NEIGHBORHOOD COMMUNICATION

To design the test, we use the sample mean as low-
dimensional representation of the data as in [16]. Although the
sample mean only serves as a sufficient statistic for Gaussian
distributed data, we show later that this also holds for the
proposed non-Gaussian case. The states and the measurements
of the sensors are shared within their neighborhood and
the states are updated via the consensus+innovations [17]
approach. Let tn = [t1n, . . . , t

K
n ]> be the vector containing all

states at time n with initial state tk0 = 0 for all k ∈ {1, . . . ,K}.
The consensus+innovations update is given by

tn+1 = (n+ 1)−1
(
nWtn + Wxkn

)
, (4)

where xn = [x1
n, . . . , x

k
n]> is the vector collecting all mea-

surements at time n and W is a suitable weighting matrix.
Similarly to [16], [18], [19], we assign equal weights to the
information of the closed neighborhood of a node. Thus,
the last term in Eq. (4) is equal to the sample mean, the
optimal estimator for the location parameter of Gaussian
data. However, the sample mean is non-robust, i.e., a single
outlier can cause its breakdown [13]. We therefore replace
the sample mean by robust estimators to deal with outliers
[18], [19]. However, simply replacing the sample mean in the
update equation by a robust estimator as in [18], [19] does
not solve the present problem, i.e., the procedure remains
non-robust. As shown in the remainder of this section, the
statistical properties of robust and non-robust estimators differ
significantly. The test design has to account for these differing
statistical properties.

Let x̂kn denote an estimator of the location parameter at node
k and time n. By defining x̂n =

[
x̂1
n, . . . , x̂

K
n

]>
, Eq. (4) turns

into
tn+1 = (n+ 1)−1

(
nWtn + x̂n

)
. (5)

Then, the conditional first and second order moments of the
state variable are given by [16]:

E
[
tkn |Hi, θ

]
= E[x̂kn] (6)
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Var
[
tkn |Hi, θ

]
=

1

n2

n∑
i=1

e>k Wi−1Σ
(
Wi−1

)>
ek (7)

The kth column of the identity matrix is denoted by ek and
Σ is the covariance matrix of the estimator, i.e.,

Σ = E
[
x̂nx̂>n

]
− E

[
x̂n

]
E
[
x̂>n

]
. (8)

If the sample mean is applied to uncontaminated data, Eq. (6)
and Eq. (8) turn into those in [16]

E
[
tkn |Hi, θ

]
= θ and Σmean = σ2

0WW> . (9)

In what follows, we investigate the median and the M-
estimator, two robust estimators for a location parameter of
a symmetric distribution.

A. Measurement Combination via Median

The median x̂kn,med is asymptotically normally distributed,
i.e., for a large size of the neighborhood, it holds that [20]

x̂kn,med |Hi, θ ∼̇ N
(
θ,
σ2

med

|N c
k|

)
,

where ∼̇ means approximately distributed as, and σ2
med is

given by [20, Eq. (2.26)]

σ2
med =

(
2f̃(ξ)

)−2

.

In the previous equation, ξ and f̃(·) denote the population
median and the probability density function (pdf) of xkn |Hi, θi,
respectively. For symmetrically distributed noise, the popula-
tion median ξ and the population mean coincide. For zero-
mean noise and the measurement model in Eq. (1), it further
holds that f̃(ξ) = f̃(θ) = f(0). However, the pdf of the
noise is not completely known, but strongly affects σ2

med that
is crucial for the subsequent test design. To ensure a given
performance for all feasible contaminating distributions, an
upper bound of the variance has to be found. The variance
can be expressed as

σ2
med =

(
2f(0)

)−2

=
(

2(1− ε)fnom(0) + 2εfcont(0)
)−2

which attains its maximum for fcont(0) = 0. Thus, the upper
bound for the variance is

σ2
med ≤

(
2(1− ε)fnom(0)

)−2

=
σ2

0π

2(1− ε)2
.

Hence, apart from a constant scaling factor in the variance,
the asymptotic distribution of the sample median is equal to
the one of the sample mean.

For the covariance matrix of the estimators, which describes
the spatial correlation in the network, we use the one from
Eq. (9), but with a different scaling, i.e.,

Σmed ≈
σ2

0π

2(1− ε)2
WW> .

B. Measurement Combination via M-Estimators

Next, we study the M-estimator [15]. The M-estimator x̂kn,M
for a location parameter and known scale σ0 is obtained by
solving ∑

i∈N c
k

ψ

(
xin − x̂kn,M

σ0

)
= 0 , (10)

where ψ denotes the score function. Here, we use Huber’s
score function, which is given by [13, Eq. (1.21)]

ψHub(x) =

{
x |x| ≤ cHub ,

cHub sign(x) |x| > cHub ,

where sign(x) denotes the sign of x and cHub is a tuning
constant which trades off efficiency and robustness. In general,
the following derivations are not restricted to Huber’s score
function, but are valid for any odd score function. The M-
estimator can be calculated according to [13, Algorithm 1]
when replacing their scale estimate by the scale of the nominal
noise σ0. According to [20, Section 2.2.2], the M-estimator is
asymptotically normally distributed, i.e.,

x̂kn,M |Hi, θ ∼̇ N
(
θ,
σ2

M,F

|N c
k|

)
.

If the data is distributed according to probability measure F ,
the variance σ2

M,F can be calculated via [20, Eq. (2.6.3)]

σ2
M,F = σ2

0 EF
[(
ψ(

x

σ0
)
)2](

EF
[
ψ′(

x

σ0
)
])−2

, (11)

where ψ′(x) denotes the derivative of ψ(x). However, the data
generating distribution is not completely specified. Hence, we
provide an upper bound for Eq. (11). This bound is given by

σ2
M = max

Fcont∈Fcont
σ2

0 EF
[(
ψ(

x

σ0
)
)2](

EF
[
ψ′(

x

σ0
)
])−2

. (12)

This problem can be solved using a projected gradient ascent
whose gradient is given by

∇fcontσ
2
M,F = σ2

0ε
ψ2( xσ0

)EF [ψ′( xσ0
)]− 2ψ′( xσ0

)EF [ψ2( xσ0
)](

EF [ψ′( xσ0
)]
)3 .

The projection operator is given by
Pr(fcont) = max{0, cfcont} ,

where the constant c has to be chosen such that the result is a
valid density. As long as the initial density is zero-mean and
symmetric, the projection onto the set of feasible densities is
also zero-mean and symmetric.

For the covariance matrix, we proceed similarly as for the
median case and approximate it by

ΣM ≈ σ2
MWW> .

IV. DESIGN OF THE OPTIMAL TEST

As shown in the previous section, the statistical properties of
the state variable are similar to those of the non-robust scheme
proposed in [16], except for the constant scaling factor of the
variance. Hence, the design problem boils down to designing a
non-robust test with larger variance and we can proceed as in
[10], [16]. However, this holds only for the design and not for
the implementation of the test. For the sake of completeness,
we briefly summarize the design steps.

We first convert Eq. (3) to an unconstrained problem, i.e.,

min
πk

{
E
[
τk
]

+

1∑
i=0

p(Hi)
(
λki α

k
i + µki β

k
i

)}
, (13)
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constraint Gaussian: non-robust median M-estimator Cauchy: non-robust median M-estimator
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Figure 1: Performance measures for three different communication schemes (non-robust [16], median, Huber’s M-estimator)
and two different contaminating distributions (Gaussian with variance 10σ2

0 , standard Cauchy distribution).

where λki and µki , k = 1, . . . ,K, i = 0, 1, are non-negative
and finite cost coefficients. We first solve Eq. (13) with respect
to the decision rule and then with respect to the estimators.
The optimal stopping problem becomes then

min
Ψk

E
[
Φkn
(
n+ gk(tkn)

)]
, (14)

where Φkn = Ψk
n

∏n−1
i=0 (1−Ψk

i ) is the shorthand notation for
stopping at time n and not before. The instantaneous cost for
stopping at time n is given by

gk(tkn) = min

{
Dk

0,n(tkn), Dk
1,n(tkn)

}
.

The cost for stopping is the minimum between the cost for
stopping and deciding in favor of the null hypothesis Dk

0,n and
the cost for stopping and deciding in favor of the alternative
Dk

1,n. The cost for stopping and deciding in favor of Hi is for
i ∈ {0, 1} defined as

Dk
i,n(tkn) = λk1−ip(H1−i | tkn) + µki p(Hi | tkn)Var[θ |Hi, t

k
n] ,

where the first part penalizes wrong decisions and the second
part penalizes the estimation inaccuracy.

For fixed λki and µki , i = 0, 1, the optimal stopping problem
in Eq. (14) can be solved by means of dynamic programming
and its solution can be characterized as, see, e.g., [10], [21],

ρkn(tkn) = min
{
gk(tkn) , dkn(tkn)

}
, n < N ,

ρkN (tkN ) = gk(tkN ) ,

with the cost for taking a new sample
dkn(tkn) = 1 + E[ρkn+1(tkn+1) | tkn] . (15)

The expected value in Eq. (15) can either be evaluated by
means of numerical integration or can be approximated by
Markov Chain Monte Carlo integration. For details, refer to
[16]. The optimal policy at node k is summarized below.

δkn(tkn) = 1{Dk
0,n(tkn) > Dk

1,n(tkn)}
Ψk
n(tkn) = 1{ρkn(tkn) = gk(tkn)}
θ̂ki,n = E[θ |Hi, t

k
n] , i = 0, 1

(16)

Since this policy depends on λki and µki , i = 0, 1, it is only
optimal with respect to these coefficients. Hence, we have to
chose λki and µki , k = 1, . . . ,K, i = 0, 1, such that Eq. (16)
also solves Eq. (3). By exploiting a strong connection between

the performance measures and the cost function [10, Theorem
4.2] [21, Theorem 3.2], the final optimization problem can be
formulated as a linear program, which can be solved efficiently
by various off-the-shelf solvers

max
λk≥0,µk≥0,ρkn

{
ρk0(tk0)−

1∑
i=0

p(Hi)(λ
k
i ᾱ

i + µki β̄
i)

}
(17)

s.t. ρkn ≤ Dk
i,n , i ∈ {0, 1} , n = 0, . . . , N ,

ρkn ≤ 1 + E[ρkn+1(tkn+1) | tkn] , n < N .

V. NUMERICAL RESULTS

Consider a network of K = 20 nodes with coordinates uni-
formly sampled on [0, 1]× [0, 1]. The neighborhood of a node
k is the set of all nodes within a normalized communication
radius of 0.3. The generation of the network is repeated until
the graph is connected. Each sensor should jointly test the two
equal probable hypotheses

H0 : −θ ∼ Gam(1.8, 1)

H1 : θ ∼ Gam(1.8, 1)

and infer the value of the random parameter θ. The Gamma
distribution with shape a and scale b is denoted by Gam(a, b).
The variance of the nominal noise is set to σ2

0 = 4 and
a contamination rate of ε = 0.3 is used during the design
process. Each sensor is allowed to use at most N = 100
samples. The detection and estimation errors are limited to
0.01 and 0.1, respectively. To design the test, the spaces of tkn
and θ are discretized on the interval [−6, 6] with 1001 points
and on the interval [−12, 12] with 8000 points, respectively.
The linear program in Eq. (17) is solved by the Gurobi opti-
mizer [22] which is called via the Matlab cvx interface [23],
[24]. The expectation in Eq. (15) is approximated by Markov
Chain Monte Carlo integration with 5 ·104 samples, which are
generated via a Metropolis-Hastings algorithm similar to [16,
Table 1].

We design the tests for three different communication
schemes: measurement combination via median, measurement
combination via Huber’s M-estimator and the non-robust one
from [16]. For Huber’s M-estimator, the tuning constant is set
to cHub = 1.345 so that it has an asymptotic relative efficiency
of 0.95 under the nominal model. To validate the performance
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of the tests, Monte Carlo simulations with 105 runs are
performed. Each communication scheme is evaluated for two
different distributions of the contaminating noise, a zero-mean
Gaussian distribution with variance 10σ2

0 as in [18], [19] and
a standard Cauchy distribution. The Cauchy distribution does
not have finite moments and is hence a challenging candidate
for robust schemes due to its heavy tails. For the Monte Carlo
simulations, the contaminating ratio ε is varied from 0 to 0.3,
i.e. from no contamination to the contamination ratio that was
assumed during the design process.

The results are summarized in Fig. 1. Note that the detection
and estimation errors are only shown for H0, since the problem
is symmetric and leads to similar errors under H1. Recall
that the goal was to design a sequential scheme that fulfills
constraints on the detection and estimation errors irrespective
of the contaminating distribution. It can be seen that the non-
robust approach fulfills the constraints, within the range of
numerical inaccuracies, for the non-contaminated case only.
Even for a small contamination ratio, the constraints are
severely violated. As expected, this effect is even more severe
for Cauchy distributed contaminations. On the other hand, the
robust schemes keep the empirical detection and estimation
errors below the nominal levels. As expected, the detection
and estimation errors of the robust schemes increase with
increasing contamination ratio. There are no significant dif-
ferences in the estimation error results for the robust schemes
for different noise processes, but the robust schemes have
smaller detection errors for high contamination rates and
Cauchy distributed noise. The non-robust scheme provides the
lowest average sample number. This comes, however, with
the cost of violating the constraints on the detection and
estimation errors. All robust schemes have similar average
sample numbers, which are around factor 3 compared to the
non-robust scheme, even for ε = 0. This effect is due to the
worst case approximations of the variances in Sections III-A
and III-B. However, the performance of the M-estimator could
be tuned further by choosing different values of the tuning
constant cHub.

VI. CONCLUSION

We have investigated the problem of sequential joint de-
tection and estimation for a random location parameter in
non-Gaussian noise in a distributed sensor network. The noise
has been modeled by the ε-contamination model. Based on
the consensus+innovations approach, we presented two robust
communication schemes that are insensitive to the introduced
model uncertainties. For both schemes, it has been shown that
the resulting states follow a Gaussian distribution. In addition,
we have derived upper bounds for the variances of states that
serve as worst-case approximations. Based on these approx-
imations, we have designed the test such that the detection
and estimation errors are kept below pre-defined levels for all
feasible contaminating noise distributions. Numerical results
validate the designed tests in the sense that they fulfill the con-
straints even for very heavy-tailed contaminating distributions,
such as the Cauchy distribution. These distributions cause the

existing non-robust scheme to violate the nominal error levels.
This restoration of the validity in terms of error levels comes
at the cost of larger average sample numbers.
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