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Abstract—Both clustering and outlier detection tasks have a
wide range of applications in signal processing. We focus here on
the case where the data is corrupted with outliers and samples
are relatively small. We study approximations of the distribution
of the Mahalanobis distance when using robust estimators for the
mean and the scatter matrix. We develop clustering and outlier
rejection methods in the context of robust mixture modelling.
We leverage on robust clustering and parameter estimations on
a portion of the data, and we perform outlier detection on the
rest of the data. We illustrate the importance of our method
with synthetic simulations where we compare the theoretical
asymptotic distribution and an approximated distribution to the
empirical distribution. We conclude with an application using
the well-known data set MNIST contaminated with noise.

Index Terms—clustering, outlier rejection, Mahalanobis dis-
tance, robust estimation

I. INTRODUCTION

The clustering task consists in finding coherent groups in a
data set. Given a notion of distance or similarity, we expect
similar points to be in the same cluster. This task has became
of great importance in the recent years due to the huge increase
of unlabeled data available. Clustering applications are num-
berless and include brain signal processing to recognize motor
task [1], land use detection in radar images [2], community
segmentation in social networks and image color quantization
[3], just to name a few examples. In this paper, we address the
clustering problem by possibly dividing the data into two parts,
building an initial clustering on the first chunk and classifying
the remaining part of the data. Of course, this is also applicable
to the case where new independent data is available at a later
stage and has to to be labelled once a main clustering is
available. We refer to the latter task as a classification problem.

We follow a model-based approach and we build the cluster-
ing task on recent adaptations of the well-known Expectation-
Maximization (EM) algorithm to the case of diverse and non-
Gaussian data, as explained below. Besides, we use precise
distributional properties of the Mahalanobis distance adapted
to small samples in order to detect outliers.

The EM algorithm in the case of a Gaussian Mixture
Model (GMM) models the data as drawn from a mixture of
Gaussian distributions and each cluster is associated to one
of the distributions of the mixture. The EM is an iterative

algorithm that alternates until convergence between two steps.
In the E-step, the membership of the data points are computed
based on the a posteriori probability to belong to each cluster.
Subsequently, the M-step is where the estimators of the model
parameters are updated. To estimate the parameters of the
GMM, closed-form equations are derived from the expectation
of the likelihood of the model. Once the original data is
clustered, the fitted model can be used to easily classify
additional data points by computing the probability of the new
data to belong to each of the found clusters.

The EM clustering algorithm (in the GMM case) suffers
from noise and outliers [4]. In order to solve these drawbacks,
several modifications of the algorithm have been proposed.
Mainly two approaches appeared, either modelling the noise
or using usual robust estimation techniques. The first category
includes among others the mixture of Student’s t-distributions
where outliers are allowed in the model as part of the heavy
tails of the distributions [5]. The second one includes methods
that replace the classic sample estimators by robust versions.
For example, the trimming TCLUST algorithm leaves out of
the estimation a percentage of the data that lie far from the
estimated centers of the clusters [6]. We use here the clus-
tering algorithm presented in [7], that uses a semi-parametric
paradigm to estimate an unknown scale parameter per data
point and allowing the algorithm to accommodate for heavier
tails distributions.

The Mahalanobis distance is a well-known measure in
multivariate statistics and signal processing. For example, it
appears in the density function of the multivariate Gaussian
distribution and it has been used in the context of clustering
and classification [8]. It measures the distance of a set of data
points to a center by taking into account the dispersion of
the data around that center. If the data follow a Gaussian
distribution, then the distribution of the distance is known
to follow a chi-square distribution. The knowledge of the
distribution of this distance allows to design statistical tests to
recognize outliers. However, in the clustering application, the
real center and the true covariance matrix of the distribution
of each cluster are unknown. A crucial observation is that
as we replace the real values of the parameters by their
estimators, the exact distribution of the Mahalanobis distance
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changes. In this case, we can usually prove that the asymptotic
distribution is chi-square. However, if the number of obser-
vations is small the true distribution of the distance can be
significantly different and, in consequence, the outlier rejection
based on the asymptotic distribution can be misleading. For
example, in [9] the authors study the distribution of a robust
variant of the Mahalanobis distance, when using the Minimum
Covariance Determinant (MCD) estimators. Even if they do
not derive the exact distribution of the distance, they present
two practical approaches that widely outperform the chi-square
approximation.

Our objective here is to design an outlier rejection method
in the context of clustering data based on Tyler’s estimators. In
order to do that, we study the distribution of the robust version
of the Mahalanobis distance when replacing the true values by
the robust estimators. When dealing with data points that are
independent of the data used to build the robust clustering, this
distribution can be well approximated by a Fisher distribution.

The rest of the paper is organized as follows. In Section II
we present the clustering algorithm and the background on
the distribution of the Mahalanobis distance and its robust
variations. In Section III we describe the proposed outlier
rejection methods. Section IV contains the experiments on
the Mahalanobis distance distribution and outlier rejection.
Finally, we discuss our conclusions in Section V.

Notation: Vectors (resp. matrices) are denoted by boldfaced
lowercase letters (resp. uppercase letters). AT represents the
transpose of A, |A| represents the determinant of A and tr(A)
represents the trace of A.

II. THEORETICAL BACKGROUND

Given a data set, we want to cluster it and detect its
multivariate outliers. In order to do that, we first apply the
robust clustering presented in Section II-A. Once the mixture
model is fitted, we reject outliers based on theoretical results
for the distribution of the Mahalanobis distance and its variants
that we develop in Section II-B.

A. Robust mixture model

We consider as model a mixture of K distributions with the
following density:

f(x) =

K∑
k=1

πkfθk(x) with
K∑
k=1

πk = 1, (1)

where πk represents the proportion of the kth distribution in
the mixture and fθk its probability density function (pdf) de-
pending on the parameters θk that characterize the distribution.

We restrict the possible distribution of the clusters to
the compound-Gaussian class. This class is included in the
wide family of Elliptically Symmetric distributions [10]. A
distribution within this family is an affine transformation of a
Gaussian process that is represented as follows

xi = µk +
√
τ̃ikAkgi, (2)

where µk corresponds to the mean, τ̃ik is a positive random
variable independent from gi, gi ∼ N (0, Im) and AkA

T
k =

Σk. A one-dimensional constraint on Σk (usually on the trace
or the determinant) is assumed to avoid identifiability issues
between τ̃ik and Σk. In this work, we assume tr(Σk) = m
(See [11] for more details). We are interested in particular
in the case where the pdf of τ̃ik can be different from one
cluster to another (which justifies the extra k index in the
notation). In order to conserve a flexible model, we do not fix
a particular distribution for τ̃ik in Eq. (2). Instead, we assume
as in [11] that each data point xi ∈ Rm, from the cluster k
of the mixture, is the result of multiplying a sample from a
multivariate zero-mean Gaussian by a deterministic constant
and a consequent translation. In consequence, each observation
can be written as

xi = µk +
√
τikAk gi,

with the mean µk, τik a deterministic constant or parameter,
gi ∼ N (0, Im) and AkA

T
k = Σk with tr(Σk) = m.

Consequently, the data model considered for developing
the clustering algorithm is the mixture model defined in Eq.
(1) where θk = (πk,µk,Σk, {τik}i=1,..,N ) for k = 1, ...,K.
When comparing to a classical EM algorithm of the GMM,
this data modelling requires the estimation of all the τik’s
parameters. The derivation, when including τik to the set of
parameters, leads to different estimators for the mean and
the scatter matrix that are expressed in terms of fixed-point
equations. The resulting linked fixed-point equations for both
estimators of the kth cluster are the following:

µ̂k =

n∑
i=1

pikxi

(xi − µ̂k)T Σ̂
−1

k (xi − µ̂k)
n∑
i=1

pik

(xi − µ̂k)T Σ̂
−1

k (xi − µ̂k)

,

and

Σ̂k = m

n∑
i=1

wik(xi − µ̂k)(xi − µ̂k)T

(xi − µ̂k)T Σ̂
−1

k (xi − µ̂k)
,

with pik the probability of the data point xi to belong to the
kth cluster,

wik = pik/

n∑
l=1

plk,

and

τ̂ik =
(xi − µ̂k)T Σ̂

−1

k (xi − µ̂k)

m
.

The derivation of µ̂k and Σ̂k is decoupled from τ̂ik as in [12].
The solutions of these two equations are very similar to Tyler’s
estimators [13] with weights representing the membership
of each data point to the corresponding cluster and with a
different exponent in the Mahalanobis distance. The derivation
of the algorithm can be found in [7], as well as comparisons
of performance with other clustering algorithms.

2449



B. The Mahalanobis distance and its variants

The Mahalanobis distance is a well-known measure in
multivariate statistics. It measures the distance of a set of data
points to a center by taking into account the dispersion of the
data around that center. The squared Mahalanobis distance is
defined as

∆(µ,Σ) = (x− µ)TΣ−1(x− µ).

If x is normally distributed with mean µ and covariance matrix
Σ then it is easy to prove that ∆(µ,Σ) follows a chi-square
distribution with m degrees of freedom:

∆(µ,Σ) ∼ χ2
m. (3)

However, the real value of the parameters are usually un-
known. It is the case in the clustering and the classification
tasks where the distribution of each cluster has to be estimated.
When replacing the real values by the estimators in the Ma-
halanobis distance definition, the distribution does change. In
the case of the classical sample mean x̄ and sample covariance
matrix S,

∆(x̄,S) = (x− x̄)TS−1(x− x̄),

it has been proven in [14] that

n

(n− 1)2
∆(x̄,S) ∼ B

(
m

2
,
n−m− 1

2

)
, (4)

with B(a, b) the beta distribution with parameters a and b.
On the other hand, as stated in [9] when S is independent

of x the distribution ∆(µ,S) is exactly a scaled Fisher
distribution:

(n−m)

(n− 1)m
∆(µ,S) ∼ Fm,n−m. (5)

By using a Slutsky-type argument, we can prove that
when S is independent of x the distribution of (n −
m)/ [(n− 1)m] ∆(x̄,S) is approximately Fm,n−m.

In the algorithm presented in the section II-A, we compute
τ̂ik values that are, up to a scale factor, the squared Maha-
lanobis distance with Tyler’s estimators of the mean and the
scatter matrix

∆(µ̂T , Σ̂T ) = (x− µ̂T )T Σ̂
−1

T (x− µ̂T ).

Even though the asymptotic distribution of the Tyler’s es-
timator has been widely studied, its exact distribution is
unknown. Similarly, the asymptotic distribution of ∆(µ̂T , Σ̂T )
can be proved to be chi-squared if simultaneous consistency
is assumed but the true distribution remains unknown. Related
to this particular estimator, in [15] the authors provide a study
of the Mahalanobis distance (in the complex case) when the
mean is known and the estimator of the parameter is done
independently:

∆(µ, Σ̂T ) = (x− µ)T Σ̂
−1

T (x− µ).

When comparing ∆(µ, Σ̂T ) to ∆(x̄,S) and ∆(µ,Σ), they
found that the asymptotic variance of the robust Mahalanobis

∆(µ, Σ̂T ) when centering around the Wishart-based distance
∆(x̄,S) is smaller than the one when centering around the
distance based on the true Σ parameter. They also showed
that the ∆(µ, Σ̂T ) distribution is better approximated with
the equation (5) than the chi-square distribution, even when
the dimension m is small.

III. OUTLIER REJECTION

In this section we propose three different procedures to
detect multivariate outliers within the data, based on the
theoretical results in Section II. These methods differ on
the distribution assumption to construct the rejection test,
depending on the nature of the problem. In the classification
case, we have two independent sets of data A and B. On the
other hand, in the classic clustering case we have only one data
set C that needs to be labelled. In the following, we specify
the procedures.

1) Classification case:
• We fit the robust model using the A dataset.
• We assign each data point of the set B to the cluster that

minimizes the robust Mahalanobis distance.
• If a point xi in B is assigned to the cluster k, we

reject it as outlier based on the distribution of (5).
If ∆(µ̂

(A)
k , Σ̂

(A)

k ) is bigger than the α-quantile of the
corresponding scaled Fisher distribution, we classify the
observation as an outlier.

2) Clustering case using the chi-square distribution:
• We fit the robust model using the C dataset.
• We assign each data point of the set C to the cluster that

minimizes the robust Mahalanobis distance.
• If a point xi from C is assigned to the cluster k, we reject

it as outlier based on (3).

3) Clustering case using the Fisher distribution:
• We divide the data set C into W folds, C1, ..., CW .
• For each fold Cl, we fit a model from Section II-A to the

set C \ Cl.
• We assign the data point of Cl to the cluster that mini-

mizes the robust Mahalanobis distance.
• If a point xi from Cl is assigned to the cluster k, we reject

it as outlier based on (5) with the respective estimators.

IV. EXPERIMENTS

In this section, we begin by performing experiments with
synthetic data in order to study which distribution is the closest
to the robust Mahalanobis distance distribution when using
Tyler’s estimators. We then apply the method on a subset of
the baseline dataset MNIST [16].

A. Simulations

In the following experiments, we show that using the
chi-square distribution to approximate the distribution of
the Mahalanobis distance can be misleading when the
number of observations is not big enough. We simulate a
zero-mean Gaussian distribution. We add samples drawn
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Fig. 1. Histogram of the empirical distribution of the Mahalanobis distance
∆̂(µ̂T , Σ̂T ) in the classification problem (n = 200,m = 20). The
theoretical distribution of the ∆(µ̂,S) Mahalanobis distance is plotted in
blue and the asymptotic chi-square distribution is shown in red. The theoretical
0.95-quantiles of the distributions are represented with dashed vertical lines in
the respective colors. The dashed black line represents the empirical quantile
of the ∆̂(µ̂T , Σ̂T ) distribution.

from a Student’s t-distribution variable with heavy tail
that we use only on the fitting of the model. We consider
the context of classification and the clustering context.
In the clustering case, one data set is used to fit the
model and each data point is then labelled into clusters.
In the classification case, a new set of data independent
from the original needs to be classified. Each new data point
can be classified to one of the possible classes or as an outlier.

In the classification case, where the computation of the
estimator of Σ is independent from the data to be classified,
we see in Figure 1 that the empirical distribution of the robust
Mahalanobis distance ∆̂(µ̂T , Σ̂T ) is very close to the Fisher
distribution in (5). Furthermore, the difference between the
two theoretical distributions is clearly distinguishable and the
thresholds for the same α−quantile are very different. We
verify the correspondence between the empirical distribution
of the robust Mahalanobis distance and the theoretical
distributions in (5) with the qq-plot in Figure 2 where the
points can be fitted to a linear function very close to the
identity function. Finally, we see in Table I that both accuracy
and F1 score for the outlier detection task are much higher
using the Fisher distribution than the asymptotic chi-squared.

In the clustering case, the set of data points to be classified
is exactly the same as the set of data used for the estimation
of the model. The Figure 3 shows that, when replacing the
true parameter values by Tyler’s estimators, the empirical
distribution of the distance is heavier tailed than the compared
theoretical densities. Nevertheless, we see that the empirical
distance is closer to the asymptotic chi-square distribution
than to the exact bounded beta distribution obtained when
replacing the true value of the parameters by the classic sample
estimators. The tail of the chi-square distribution is closer to
the empirical tail and in consequence the decision threshold
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Fig. 2. QQ-plot of the empirical Mahalanobis distance ∆̂(µ̂T , Σ̂T ) in the
classification problem compared to the theoretical distribution in the Gaussian
case of ∆(µ̂,S). The identity function is plotted in black.
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Fig. 3. Histogram of the empirical distribution of the Mahalanobis distance
∆̂(µ̂T , Σ̂T ) in the clustering problem (n = 200,m = 20). The theoretical
distribution of the ∆(µ̂,S) Mahalanobis distance is plotted in green and
the asymptotic chi-square distribution is shown in red. The theoretical 0.95-
quantiles of the distributions are represented with dashed vertical lines in the
respective colors. The dashed black line represents the empirical quantile of
the ∆̂(µ̂T , Σ̂T ) distribution.

is more accurate. Table I shows that even if the proposed W-
folded method III-3 improves the accuracy of the model, it
looses in power because of the smaller number of observations
available which is reflected in the F1 score. This effect might
be mitigated using bootstrapping. We leave this for future
work.

TABLE I
PERFORMANCE FOR THE OUTLIER REJECTION TASKS FOR THE SIMULATED

ZERO-MEAN GAUSSIAN DATA CONTAMINATED WITH OUTLIERS FROM A
STUDENT’S DISTRIBUTION.

Case Rejection Performance measure
method Accuracy F1 score

Classification based on (3) 0.86 0.52
III-1 0.95 0.74

Clustering III-2 0.90 0.68
III-3 0.92 0.60
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Fig. 4. UMAP visualization of the MNIST 6-8 data with noise in the
clustering scenario. The shapes represent the outlier rejection and the colors
represent the real digit label.

TABLE II
PERFORMANCE OF OUR PROPOSAL AND THE CHI-SQUARED TEST FOR THE
OUTLIER REJECTION TASKS FOR THE CONTAMINATED MNIST DATASET.

Case Rejection Performance measure
method Accuracy F1 score

Classification based on (3) 0.63 0.43
III-1 0.75 0.38

Clustering III-2 0.65 0.41
III-3 0.72 0.35

B. Tests on baseline data set

The MNIST dataset [16], a collection of labelled images
of hand-written digits, has became a standard baseline to test
classification and clustering methods. We test the method on a
subset of the MNIST dataset composed for a large proportion
of the digits 6 and 8, and a smaller proportion of other digits,
representing outliers. Prior to the analysis, we first reduce the
dimension of the data set in its original format with a PCA
transformation. We perform this transformation based on a
trade-off between number of dimensions and percentage of
the variance explained, as it is common practice.

In Figure 4, we see a UMAP [17] embedding of the data set.
The objective of the UMAP algorithm (as t-SNE but faster) is
to visualize the data in 2 dimensions by preserving the local
neighborhoods of the data points. The shape of the points
represents the prediction outcome of the outlier rejection in
each scenario after the model is fitted. The color of the points
represents their real digit. We observe that the data points of
the periphery of the clusters are often rejected by our method.
The Table II shows the performance for the outlier detection
task in terms of accuracy and F1 score. Even if we loose in
F1 score, the general accuracy is improved.

V. CONCLUSIONS

We studied the distribution of the robust squared Maha-
lanobis distance using the Tyler’s estimators in the context of

data classification and clustering. We have seen in simulations
that the Fisher distribution approximates much better the
empirical distribution than using the chi-square distribution
when the number of data points n is not big enough in
comparison to the dimension m of the data. We use this
study to design an outlier rejection method within a robust
mixture model that improves the estimation, classification and
outlier rejection. Finally, we tested our outlier rejection method
on a variation of the real data set MNIST and we obtained
interesting results even if the Gaussian distribution is not
strictly followed as usual in real data. In the future, we plan
to address the derivation of a better theoretical approximation
for the robust Mahalanobis distance with Tyler’s estimators as
well as a study of bootstrapping methods involving the outlier
detection proposal on several folds of the data.
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