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Abstract—The centralized control for multi-channel active
noise control (ANC) systems usually cost considerable processing
power due to the transfer functions between a large number of
loudspeakers and error microphones; while the decentralized
control has the increased risk of global instability. Distribution of
the controller network could save computational burden while
maintaining satisfactory performance. A lot of ANC algorithms
employing diffusion control have been proposed recently. The
communication within diffusion networks introduces the
estimation bias of each controller and makes it difficult to analyze
the performance of the entire system. This paper analyzes the
performance of the diffusion ANC network based on a family of
diffusion filtered-x (Fx) algorithms employing either the single- or
multiple-measurement. Difference equations describing the mean
and mean squares convergence behaviors of these ANC systems
are derived to characterize its optimal solution, estimation bias
and variance. Simulations have been conducted to compare the
performance of diffusion Fx algorithms and the effectiveness of
the theoretical analysis.

Keywords—active noise control (ANC), diffusion control,
multitask problem, and performance analysis

I. INTRODUCTION

Active control of noise usually involves a large number of
loudspeakers and error microphones in order to achieve the
global control over a region of space [1]. As shown in Fig. 1,
the noisy signal {x(n)} is picked up by a microphone located
near the noise source. In order to create a quiet zone, the K-node
undesirable sound {dox(n)} for k=1,..., K, should be cancelled
by the acoustic signal {y«(n)} generated from a loudspeaker
through an adaptive controller {w(n)}. One of the most widely
used active noise control (ANC) algorithms is the filtered-x
(Fx) algorithm [2]. The error microphone is used to pick up the
error signal {ex(n)} to be minimized by Fx algorithms. The
acoustic path from source to microphones, called the primary
path, is modeled as a finite impulse response (FIR) {h«(n)}; and
the path from the ith loudspeaker to jth microphone, called the
secondary path, is modeled as FIRs {s;(n)}. {S;(n)} is the
estimate. Only the kth secondary path has been shown in Fig.
1. The other secondary sources result in the interference {y«(n)}
at the kth microphone. {#i(n)} is the background noise rather
than the noise source {x(n)} to be cancelled.
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Fig. 1: Block diagram of the kth channel of a multi-channel
ANC system using the Fx-based adaptive algorithm.

For multi-channel ANC systems, adaptive algorithms have
been proved to perform very well for centralized processing [1].
An important issue in centralized control is the modeling of the
secondary paths and the corresponding large computational
burden. To reduce complexity and facilitate hardware of multi-
channel control systems, the decentralized control has been
developed [3]. It is capable of reducing the computational
burden, but brings in the major drawback of the increased risk
of global instability. A lot of effort has been taken to derive a
sufficient stability condition for such systems [4]-[6]. Recently,
a two-channel decentralized ANC algorithm is proposed that
has a guaranteed convergence and good noise reduction [7]. As
an alternative, distributed strategies are developed over multi-
channel ANC networks [8]-[10]. These algorithms allow more
channels and distribute computational complexity to all nodes.
Meanwhile, an improved robustness is obtained due to the
cooperation between nodes. This cooperative manner makes
the performance analysis of the ANC system more complicated.
In [11], the mean and the mean-square deviation performance
of a distributed affine projection algorithm (APA) for ANC
network is derived. This analysis is based on the assumption
that the controller coefficients estimated at each node converge
to the same value. The optimal solution to each controller,
however, is barely the same [12], especially for networked
ANC systems where error microphones are physically
distributed in a large area, e.g., a full-sized open window or the
surrounding of a large and noisy factory machine. This
multitask problem in distributed networks is caused by the
network topology [13]. Multitask problems in multichannel
ANC systems is further explained in Section II. To our best
knowledge, a detailed performance analysis on important issues
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in ANC networks, such as effect of networks on ANC systems
and convergence conditions, is unavailable in current literature.
Driven by practical advantages of network ANC systems, this
paper is devoted to bridge this gap.

In this paper, the diffusion multi-channel ANC system is
studied and a family of diffusion (Diff-) Fx algorithms, with
either single or multiple measurement, are formulated.
Moreover, performance of these Diff-Fx algorithms is studied
and difference equations describing the mean and mean squares
convergence behaviors are derived, which shows the effect of
adaptive networks on the multitask ANC system. Simulations
are conducted to verify the effectiveness of the theoretical
analysis and compare the performance of Diff-Fx algorithms.

II. REVIEW OF THE DIFF-FX ADAPTIVE ALGORITHMS

According to Fig. 1, the error signal at the kth microphone
(or node) for k = 1,..., K receives the unwanted noise d, (1)
and the output of the kth loudspeaker, which reads

e(m)y=d (n)+y. (n). 1))

The noise signal d,(n) contains the undesirable sound {dox(r)}
at the kth node (the noise source {x(n)} transferring through the
kth primary path /x(n)), the Gaussian random noise 77, (1) , and
the interference ¥, (n) from the secondary sources except the
kth loudspeaker, which can be expressed as

d(n) =dy, (n) +1,(n) +7,(n) @
where we define the discrete time convolution “*” such that
dy (n)=h () *x(n) , 7, ()= X5, x(1)* w,(m) %5, (n) , and
signal from the kth loudspeaker can be written as y, (n)=

x(n)*w, (n)* s, (n).

The controller {wi(n)} aims to minimize the power of
{ex(n)}. To this end, we collect the multiple measurement

vector ex(n) and the filtered input matrix X ()

e, (n)=[e,(n),...e,(n—M +1)]" (Mx1)
X, (n)=[%,(n),.... X, (n— M +1)] (L x M)

where x,(n) =[x, (n),...,x, (n—L+1)]" is the filtered input
vector with X, (n)=x(n)*s,(n) (I, k = 1,..., K), M is the

project number, and L the length of adaptive filter for the ANC
controller {wi(n)}. Then, we seek the solutions to the controller

that minimizes the following cost function &,
€, = Ele; (n)P,(n)e,(n)] €)

where P,.(n) = E[X(n)X,(n)+ &I, 1" [14] is the projection
matrix with & a small positive parameter, namely the regulari-

zation parameter, and I, the M x M identity matrix. It should
be noted that as a special case of the projection matrix, if M =
1, Eq. (3) leads to Diff-Fx Normalized LMS (Diff-Fx-NLMS)
algorithm; if P, (n) is an identity matrix, Eq. (3) represents the
Diff-FXLMS algorithm [15].

Each node has an access to a set of local estimates { y, (1) }

of ANC controllers within a neighborhood, say N, , which is
connected to node &k by an edge. The local estimates are then
fused at node k over the neighborhood /€ N, through

combination weights a, , which satisfy > _, @, =1.Then, the

Fx algorithm that uses a Combine Then Adapt (CTA) diffusion
strategy, namely the CTA-Fx- algorithm, and minimizes the
instantaneous MSE (3) at node & can be summarized as

w(n) = z/ej\fk ay,(n) 4)

Y, (I’l + 1) =W, (i’l) _%/ukvgk (i’l)
=w(n) =1, X, ()P (n)e,(n)
where 4, >0 is the local step-size. Note, the contribution of

the true filtered signal to {ex(n)} is denoted as {xqx(n)}, which
forms the matrix X, (n) and vector x,(n) of the same

)

structure, respectively, with Xk(n) and x,(n). It can be seen

from (4)(5) that the controller is updated in a cooperative way
within the network and combined according to a certain
network topology. This changes the optimal solution to each
node that approximates {— Ax(n)} after cascading with {sw(n)}
[12]. Solutions deviate significantly if the nodes are located far
away. This results in the multitask problem in ANC networks.

III. PERFORMANCE ANALYSIS

In this section, the performance of the proposed Diff-Fx
based algorithms with Gaussian inputs and additive white
Gaussian noise is analyzed. Since it is a multitask problem [13],
i.e., each controller converges to different optimal solutions, it
is rather challenging to study the performance of the networked
ANC controller. Several assumptions are hence adopted in
order to make the analysis tractable and gain insight into the
behavior of these adaptive algorithms.

The assumptions made to facilitate the performance
analysis are as follows:

(A1) {x_(n)} is the zero-mean Gaussian random signals;

sij

(A2) x,(n) is independent with w, (n) and 77, (n); so is the

estimated filtered input x, (1) ;

(A3) theinterference { y,(n) } is independent with the filtered
input {x,, (1) }.

We then define the following global representations for the
stochastic quantities that appear in the update equations (4) and
(5), respectively, for the global and local estimates

W (1) = O, (n).wecr (1)}, W (1) = COLW, (),nec, ()}
e(n)=col{e,(n),....e, (n)}, X(n)=diag{X,(n),...X, (n)},

and )AC(n) :diag{Xl(n),...,XK(n)} . The filter vectors have a

length of LK, the error vector has MK elements, while the input
matrices are of size (LK x MK).

Using the above representations, the measurements in (1) are
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assumed to obey a linear model as

en)y=d (n)+ X" (nyw(n) (6)
where d (n) = col{d,(n),...,d (n)} is a vector of size MK. It
contains the vector d,(n) =[d, (n),...,d, (n—M +1)]" of length
M as the kth element.

The block diagonal matrix of dimension LK x LK that
collects the local step-sizes is defined as

D, (n) = diagitt 1, t, 1}

while the block diagonal matrix of dimension MK x MK
collects the inverse of the covariance matrix as

P(n) = [XT (WX (n)+ &, 1" = diag{P,(n),...,P.(n)} .

Using these definitions, we hence have the following global
representation from (5)

we(n+1) =y, (n)- D, X (mYP(m)e(n) (7

where w.(n)=Gy.(n), G=A" ®I, is the LK x LK network
topology matrix with ® the Kronecker product and the
combining matrix A formed by {a, } for /, k=1,...,K. Without
the loss of generality, we assume a symmetric combining matrix
such that we have G =G .
A. Mean Convergence Analysis

We assume that the algorithm is convergent such that . (n)
converges to y_ at the steady state. Then the solution ¥ finds
from (7) as

w.=-R, G+D,(I,-G)'r, (8)

Xd
where R =E[)% mP(m)X"(n)] is the covariance matrix,
and r, = E[X(n)P(n)d (n)] is the cross-correlation vector.

It can be seen from (8) that the multitask problem introduces
an extra bias term (the second term in the brackets) through the
network topology such that w,(n) converges to different

steady-state values and the relationship w_ = Gy_ no longer

holds. This means the assumption that all nodes converge to the
same value is not true in multichannel ANC systems.

Furthermore, the deviation, Ay =y, —y_, from the Winner

solution y, = —(R, G)'r,, can be found from (8)

R)ZXGAy’:D;I(ILK -Gy, ©)
which is introduced by the network topology [13].

We then obtain from (5) the following mean difference
equation and examine its convergence rate
vin+1)=[I,, _D/zRXX]‘TG(n) (10)

where u denotes E[u],v(n)=y_—w.(n),v,(n)=Gv(n).

From (10), we find the mean weight vector converges if

| A4 1k

where A{} denotes the eigenvalues of a given matrix.

-D,R; 1G} <1 (11)

B. Mean Squares Convergence Analysis

We first derive a difference equation for covariance
matrices Z(n) = E[v(n)v" (n)], and =Z,(n) = E[v,(n)v.(n)]

To have a concise expression in the following analysis, the
signals are represented by using the following column vectors
of size (MK % 1):

d'o(n) = COl{dOl (n)"">d01< (n)} P

”C(n) = COI{”} (n),,nK(n)} >

J’c(n) = COl{yl (n),...,yK (m)},
where the kth element of the abovementioned vectors are
vectors of length M, i.e.,

dy(n)=[dy (n),....d, (n—M + Ny,
n,(n)=[n,(n),....n,(n =M + 17",
Vi (n)= 7 (1)5..es Iz (n—M + 1)]T .
Accordingly, Eq. (6) can be rewritten as
e(n)==X"(MG(y, -y (n)+ny(n) 12)
where n,(n)=n.(n)+y.(n)+4,(n) and A (n)=d,(n)+

X' (n)w, is the modeling error typical for Fx algorithms.
Using the expressions in (12), we have from (5)

En+)=E;(n)-D,R, E,(n)-E;(nR D,
+D,R, v (mwl(G-1,)" + (G—ILK)t//mvg(n)RXf(Dﬂ

XX

+D, E[Q(n)-R,]D, (13)
where R, =D,'(I,, —Gw_y. (I, -G)' D,', and

0(n) = EX(nyP(me(n)e” (mPm)X (n)].  (14)

Eq. (14) contains the terms related to Z;(n) and the
driving terms; and R, indicates the effect of diffusion

topology. To investigate the dynamic of the difference
equation, it is crucial to separate the terms related to = ;(n)

from (14). In this paper, Eq. (14) is first evaluated for a
specified case of the Diff-Fx family, i.e., the Diff-FxLMS, and

the following notations has been defined for P(n) =1

0:(n)=2R, E;(MR , + R Tr(Z;(MRy). (15)
where R, = E[LX(m) X" (n)].
Consequently, Eq. (13) can be written as
En+)=E;m)-D,R, E;(n)-=Z,(m)R ;D,
+D,(Q-(n)+ DR, )D,+D,(R,+G,R..)D,
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+D, (RXXE):,G(”)RX)& + TF(EZ,G(n)RXX)RXX )D, (16)
where D, =diag{o; I,,....00,1,} , Ry =E[X(n)X"(n)],
G, =Tr(RwR,) , and Z;;(n)=v,(n)Ay’ G+G Ayv/(n)

which contains the mean error vector.

IV. SIMULATION RESULTS

In this section, computer simulations are conducted to study
the performance of the multi-channel ANC system using
different diffusion adaptive filtering algorithms. The theoretical
results are also evaluated.

A. Performance Analysis

In this experiment, the mean and mean squares performance
analysis as shown, respectively, in (8) and (16) is examined. In
this short paper, only the Diff-FXLMS algorithm is evaluated.

The primary path is generated randomly as FIR filters. To
evaluate the theoretical results, a short primary path of length 10
is considered. They are randomly distributed on a circle of
radius 7 centered at h,, i.e., b, =h,+rg,, fori=1,...,9, with

g a Gaussian sequence of unit norm. The length of the

controllers is also set to be 10. The secondary path has a length
of 2. They are well estimated such that { X, (n) } is identical to

{ x,,(n) }. The source noise is a Gaussian process. The variances

of {do(n)} at each node are unit. The signal to noise ratios
(SNRs) at each receiver is set to 20 dB. A 10-node ANC network
is considered and a 10-by-10 combining Metropolis matrix with
coefficients [0.1667, 0.2, 0.25, 0.3833, 0.4167, 0.4667, 0.5,
0.8333] is used as the combining matrix.

First, we verify the optimal solution of the Diff-FXLMS
algorithm (8) in Fig. 2. Two measures are used, i.e., the weight-
error vector with respect to 1) the Wiener solution:

v’(n) =Gy .(n)—w,] and 2) the optimal solution v" ()=
Gly.(n)—w_]. The radius r is set to 0, 0.05, and 0.1 to form

the multitask problem. The step-size is set to 0.01. The Wiener
solution curves (dash-dot lines) converge to a higher steady-
state value as the radius increases. The optimal solution curves
(solid lines) converge to a similar value, which is comparable to
the Wiener solution curve at = 0 (the one dash-dot line overlaps
with 3 solid lines). It can be seen that for multitask problem, the
controllers converge to the optimal solution in (8) rather than the
Wiener solution that has identical values for each node.

In Fig. 3, the mean squares performance analysis in (16) is
verified. The settings are identical to those in the previous
experiment. It can be seen that the theoretical and simulated
average excess MSE (EMSE) curves agree well with each other.
It also shows that as the value of r increases, i.e., the optimal
solution to each node becomes more different from each other,
the estimation error will increase slightly.

B. Comparison of Different Diff-Fx- Algorithms

In this experiment, the Diff-Fx- algorithms are compared
with each other. The algorithms under test include the CTA-
FXxLMS, CTA-FXNLMS, and CTA-FxAPA. Both white and
colored noise sources are considered and their variances are
normalized. For the colored input, a first order autoregressive

(AR) process is considered, i.e., x(n) = 0.5x(n—1) + v(n), where
v(n) is zero-mean and Gaussian distributed. For both white and
colored noise sources, the step-sizes of the aforementioned
algorithms are chosen as 4,,,, = 0.0002, 4,,,.= 0.0015, and

M., = 0.001, respectively, so as to achieve similar steady-state

EMSE:s. For the CTA-FxAPA, the projection number is set to M
= 3. The other settings are identical to those in the previous
experiment.

The EMSE curves averaged over all nodes are shown in Fig.
4. It can be seen that when the noise source becomes colored,
the CTA-FXLMS and CTA-FXNLMS algorithms converge at a
much slower speed due to the spread eigenvalues of the input
covariance matrix, while the CTA-FXAPA algorithm maintains
fast convergence speed.

C. Comparison of Different Control Strategies

In this experiment, the control strategies under test include
the centralized, decentralized, incrementally distributed, and
diffusion control methods. We consider a scenario of noise
control within an area of a 1.2 x 1.2 m square, say an open
window in a building. A 10-channel ANC network is installed,
i.e., 10 pairs of loudspeakers/microphones (a node) are installed.
8 nodes are installed on the edge and the distance between nodes
is 0.5m. 2 nodes are located on the midline and 0.25m away
from the center. Under this setting, the ANC system aims to
cancel out the low frequency noise, say under 500 Hz. The
primary path is generated with a fixed constraint such that it
looks like a room impulse response. The length of the primary
path is 150 (if the sampling rate is 1 KHz, the reverberation time
is about hundreds of milliseconds). The radius » is set to 0, 0.01.
The secondary path has a length of 8. The filter length is 150
and the step-sizes for the algorithms under test is 0.0003. The
other settings are identical to those in the previous experiment.

The simulation results for the averaged EMSE curves are
shown in Fig. 5. It can be seen that the incremental control has
a higher steady-state residual level while the decentralized
control increases the EMSE value gradually as the iteration. The
diffusion control has a similar performance as the well-
performed centralized control. Considering the computational
cost of centralized control method, the diffusion control is more
appropriate for practical use.

CONCLUSIONS

In this paper, the performance of a family of Diff-Fx
adaptive algorithms has been studied. The effect of the diffusion
strategies on the proposed algorithms in terms of the multitask
solution, convergence speed and conditions, and steady-state
estimation accuracy has been explored. The simulation results
are found to be in good agreement with the theoretical
predictions. The analysis provides useful insight of mechanism
as well as guidance of design for the multi-channel ANC
network algorithms.
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