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Abstract—This paper addresses the problem of transmit signal
design for target localization in a frequency diverse array (FDA)
radar. For this purpose, we derive the Cramér-Rao bound
(CRB) for target localization in FDA radar. The derived CRB is
optimized with respect to the transmit signal parameters. It is
commonly assumed that in radar systems the direction-of-arrival
(DOA) estimation accuracy and resolution are determined by
the transmit-receive array aperture. In FDA radar, a coupling
between range and DOA estimation is generated. Using the
derived CRB, we show that in FDA radar one is able to improve
the DOA estimation accuracy and resolution by increasing the
transmit signal bandwidth. The target localization performance is
analyzed theoretically and via simulations, and it is shown that
using the proposed approach for transmit signal optimization,
results in superior target localization performance compared to
conventional methods.

Index Terms—Frequency diverse array (FDA), Cramér-Rao
bound (CRB), waveform optimization, MIMO radar

I. INTRODUCTION

Waveform or beamforming optimization for active radar
is an emerging topic in array signal processing. In order
to improve the localization or detection performance, one
may optimize a criterion such as statistical lower bounds on
localization performance, output signal-to-noise ratio (SNR),
probability of detection, or information theoretic measures,
with respect to (w.r.t.) the transmit waveform or the transmit
signal parameters.

Frequency diverse array (FDA) radar, proposed in [1], is
a new technology in array signal processing that attracts a
lot of attention [2]. In contrast to a standard phased-array
radar, which transmits scaled versions of a single waveform,
the FDA radar can be interpreted as a special case of general
multiple-input multiple-output (MIMO) radar [3], [4], where
the multiple transmit signals obey to a small carrier frequency
increment across the transmit array elements. This configu-
ration offered by the FDA radar, allows superior capabilities
compared to conventional methods, e.g., [5]-[7]. In addition,
Chen et al. [8] restudy the works of time-invariant beampattern
design by FDA radar, which can focus the transmit energy to
a desired position. The conclusion was that it is impossible to
design such a beampattern, since the propagation process of
the transmit signals should be considered.

Although the general MIMO radar with optimized transmit
signal can theoretically achieve better performance than FDA
radar, waveform optimization for target localization in MIMO
radar is complicated due to its many degrees of freedom. In
[9], optimal beamform design for MIMO radar was derived
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according to minimization of the Cramér-Rao bound (CRB)
for target direction-of-arrival (DOA) estimation. However, this
method does not take into account the lack of knowledge of
the target range. In [10], the frequency increments in FDA
radar were optimized w.r.t. the ambiguity function using the
simulated annealing algorithm. In addition, several works on
waveform optimization for target localization and tracking in
cognitive FDA radar have been carried out, (see e.g., [11],
[12]). In [11], a cognitive target tracking scheme via angle
range-Doppler estimation with transmit subaperturing FDA
radar, was proposed. For improved tracking performance, the
transmit weight matrix is adaptively designed at each step
based on SNR or Bayesian CRB criterion using historical
observations. However, most of the research works on FDA
radar focus on its contribution in cases where the target
range information from the propagation delay is neglected.
Furthermore, many works consider the FDA-MIMO radar, that
is, FDA radar where the transmit signals are orthogonal.

In this paper, we consider the problem of FDA radar wave-
form optimization for target localization using the CRB. First,
the standard FDA radar model is generalized by considering
the propagation delay information, and by allowing general
frequency increment value, which does not restrict the transmit
signals to be neither orthogonal or to create the decoupling
property [5]. We then optimize the FDA transmit signal
parameters for target localization based on the CRB, derived
for the above-mentioned general model. The main advantage
of the proposed method is that it allows superior localization
performance compared to conventional methods, under both
scenarios: small and large transmit signal bandwidth. In order
to demonstrate the benefit of the proposed method, numerical
examples are provided.

II. PROBLEM FORMULATION AND CRB
A. Signal and Data Model

Consider the standard FDA radar, also known as linear FDA
(LFDA) radar, that is, a mono-static radar consisting of two co-
located uniform linear arrays (ULAs) of My receivers and Mr
transmitters, where d is the space between adjacent elements,
and the arrays center is chosen as the reference point. The
transmit bandpass signal by the mth transmitter element is
Wy s0(t)e?2™mt  where so(t) is the basic waveform which
is complex baseband signal with pulse width 7},, bandwidth
B, and unit energy, i.e. pr |so(t)|?dt = 1. In addition, f,, =
fet(m—1)Af, where f. and Af are the carrier frequency and
the frequency increment, respectively. We assume that |Af] -
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(Mr — 1) < f. and consider interference and clutter free
environment. Similarly to [4], after down conversion of the
received signal and in the presence of L stationary point
targets located in the far-field, the FDA radar data model at
time ¢ can be written as
Lt
y(t) = ZalA(Gl)s(t —2r/c)+v(t), t€[0,T,] (1)
1=1

where T), is the observation time, A(#) = ar(6)al.(6), and
apr(-) and ar(-) are the receive and transmit steering vectors,
respectively. The weighted FDA transmit signal vector is given
by

T ~
s(t) = [s1(t),- .., smp(t)]” = Dws(t) 2)
. _ T
where §(t) = so(t) - [176]27TAft"”7€j27rAf(MT71)tA] is
the FDA signal vector, w = [w1,...,wy,]T € CM7 s

the weight vector, and D,, 2 diag(w) is diagonal matrix

whose diagonal elements are given by the elements of w. In
addition, v(t) is additive circularly symmetric complex Gaus-
sian noise, which is assumed to be temporally and spatially
white, i.e. E [v(t)v(t —7)] = 021p,0(7), where 6(-) is
the Dirac delta function, and I/, is the identity matrix of
size¢ Mp. The unknown deterministic parameters are o =
[al,...,aLT]T, r — [Tl,...,TLT]T, 0 = [91,...79LT]T
where «y, r;, and 6; are the complex amplitude, range, and
DOA of the Ith target, respectively.

bl

B. Cramér-Rao Bound for Target Localization

In this subsection, the CRB [13] for target localization
in FDA radar is derived. The CRB is used as a criterion
for waveform optimization, as well as FDA performance
analysis. In particular, it allows to demonstrate that one is
able to improve the DOA estimation accuracy by increasing
the transmit signal bandwidth. In [4], the Fisher information
matrix (FIM) for the general MIMO radar model is derived.
As stated above, the FDA is a particular case of MIMO radar,
where the transmit signals are in the form of (2), thus we
use expressions from [4] in order to derive the CRB for FDA
radar. The FIM for estimating ¥ = [&@”, ®7]7 from the data
model in (1), under single target (L7 = 1) scenario, can be
partitioned as

Joa JI.
Jg = |2 %a 3

¥ [thd J@@] ©)
where @ = [Re(a), Im(a)]?, and ® = [r, ). In addition, by
assuming large enough observation time such that 27 /c+1T,, <
T,, the FIM (3) elements are given by

2M
Jaa = =5 ap(0)Rsai(0) Iy o)
2\? 2|a|2M
T = () 2olMn r o Rgaz0) ()
2
s =228 (AO)RA"(0)) (©)

v

2
Joo = <2> 2|af*Mp {ag(e)RéSa*T(e)} (7)

2
C (o

2\ 2M,
ha=-(2) Bfre{0rat@REar 0111} ®)
2M
Re {0af (0)Rea (0)]1, 5]} ©)

v

Joa

ag,

where the FDA matrices Rs, Rgs, and Rgg are defined as
R = / s(t)s” (t)dt = Dy Fes DI = ww! © Fg, (10)
TP

R = / $(t)s™ (t)dt = Dy Fes DE = ww! 0 Fgs (11)
TP

R 2 / $(t)s" (t)dt = Dy Fee DE = ww! 0 Fgs (12)
T,

p

where Fap, 2 [ a(t)b (t)dt, 5(t) = dz(tt), and ® denotes

the Hadamard préduct. Therefore, one can notice that the FIM
for a single stationary target does not depend on the target
range and that the FIM depends on the transmit signal (2) via
the FDA matrices Rg, Rss, and Rss. Note that for cases where
|so(t)|? = 1/T,, Vt € [0,T,], which is satisfied for phase and
frequency coding, the (k, ¢)th element of Fgg is given by

[Faslpg = ™A E=Dginc(nT,Af(k —q))  (13)

where k,q € {1,..., Mz}, and sinc(z) £ sin(z)/z.
Note that by substitution of (4)-(12) into (3), the FIM can
be rewritten as
2M o
Jg = S Re {Qv’j(H ® F)Qw}

v

(14)
o

where Qw £ I, ® w, and ® denotes the Kronecker product.
In addition, the matrices H and F are given by

-Al OMT OZ*Al OZ*AQ
= | Ongp Ay Jjo*Ar  jatAy
H=10A jo'Ar JaPAr oA, 1Y
_O[*AQ jOé*Ag —|Oz|2A2 |a|2A3
5 _ |Fis FL Fi F.
= \|r. ¥, ¥ FL (10

where A; = ai(0)ak(d), Ay = ai(0)ak(h), A; =
ay(0)ak(0) + (||ar(9)||>/Mg) A1, and 0y, is a square ma-
trix of size M whose elements are equal to zero. Therefore,
one can notice that the FIM depends on Af and w via the
matrices F and Qy, respectively.

Finally, the CRB on target range and DOA estimation can
be expressed as

CRB(®) = |Jsa — J@aJ;éJga} )
- @ G
2|a|2MR(d1d3 — d%) (%)dQ d3
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where

dr = aF(0)Rea5(0) + 22O r p1m o (0)

Mg
|a% ()R (6) |
T Al (0)Reay(0) (1%)
dy = Re{ag(e)Résa;(e)
al(0)Rfa; (0) (af(0)Rea} ()"
) a7 (0)R,a(0) } >
" 2
ds = aT(0)Ryga () — 2T ORazr(0) 20)

a7 (0)Rsap(0)

In the case of coherent signals (Af = 0), it can be verified
that Rs = ww” and Res = jIm{ [, $o(t)sj(t)dttww?,
and consequently d = 0. Therefore, ‘there is no coupling
between 6 and r, and the CRB on DOA estimation does not
depend on the transmit signal bandwidth, B. However, when
using A f # 0, the transmit signals are not fully correlated and
thus, do is not necessarily equal to zero, which results in the
dependency of the CRB on DOA estimation on the transmit
signal bandwidth.

III. FDA WAVEFORM OPTIMIZATION

As can be seen from (2), the degrees of freedom in the
weighted FDA transmit signal are A f and w. It can be seen
that the dependency of the FIM on Af is complex, thus
we adopt a grid search approach to find the optimal Af.
In order to answer the question of what should be the grid
domain of Af, we examine the FDA signal autocorrelation
matrix (10). It can be verified that Rg depends on Af via
the product T, A f. Without loss of generality we can write,
Af = /Ty, v € [—c1,c¢1], where ¢; € R is a constant
which depends on some constraints such as: total system
bandwidth, the assumption |Af|- (Mr — 1) < f., range
ambiguity constraints, etc. Usually, in pulse-Doppler radars
the pulse width is determined as 10 — 15 percent of the
pulse repetition interval (PRI), where the last is determined
according to range-Doppler considerations.

Since we focus on the FDA parameters influence (the
frequency increment and weight vector), we consider a
fixed pulse width. As mentioned above, if Af = 0, then
R, = ww?, which represents the case of coherent trans-
mit signals. Furthermore, if Af = n/T,, where n €
{#1,...,£]c1]}, then the transmit signals are orthogonal
and Rs = diag ([Jw1]?,. .., [wa,[2]") which yields omni-
directional transmission. As can be seen from (10) and (13),
the off-diagonal elements of Rg approach to zero for |Af] >
1 /Tp. Therefore, we conclude that in terms of target DOA
estimation it is enough to require |Af| < 1/T,. On the other
hand, in terms of target range estimation, |Af| > 1/T), yields
larger total bandwidth, which is given by B+ (Mr — 1)|Af].

We are interested to design the weighted FDA transmit sig-
nal parameters for target localization in Cartesian coordinates.

Therefore, for a given transmit signal bandwidth, the param-
eters Af and w can be optimized based on the CRB matrix,
under either a total energy constraint or energy constraint per
element. The CRB for target location in Cartesian coordinates
is given by

CRB(x) = G(®)CRB(®)G™(®) Q1

where sinf  rcosf
G(®) = |:COS 0 —rsin 9} (22)
and x £ [zy]l = [rsinf rcos H]T denotes the target

location in a two-dimensional Cartesian coordinate system.
The CRB in the vector parameter case is a matrix, thus,
several optimization criteria can be adopted, e.g., minimizing
the trace, the determinant, or the largest eigenvalue of the CRB
matrix, w.r.t. to the frequency increment and the weight vector.
We consider the trace optimization criterion because of its
physical meaning and its superior performance compared to
the other mentioned criteria, as described in [9]. Therefore,
the optimization problem can be written as

(Af, W) = arg Qi tr (CRB(x))
2 2\ M
st ||wl2=P or {|wm| } | =P/Mr 23)

From (21) one can notice that tr (CRB(X)) = CRB(r) +
r2CRB(0). Therefore, (23) can be rewritten as follows

—\ . xxr1—1
(Af,w) = arggc{r‘}’tr (WJ\I, )
M~
st ||wl2=P or {|wm|2}m:1 — P/My (24)

where W = diag ([0,0,1,7%]). In [9], it was shown that
the minimization problem (24) can be cast as the following
semidefinite programming (SDP)

4

Af,W) = arg min min 1t
(A7) = are poin, min 3

=1
s.t. [J¥ ©i =0, 1=1,....,4
€e; ti

M
Wl =P or {jwnl?} " =P/Mr (25)

where 4y is the Ith diagonal element of W, {t;}4, are
auxiliary variables, e; denotes the ith column of the identity
matrix, and the FIM, J, is given in (3) and (14).

IV. SIMULATION RESULTS

In this section, we present via simulations the influence of
the transmit signal bandwidth (BW) on DOA estimation in
FDA radar. In addition, we demonstrate that the optimized
FDA waveform improves the target localization performance
in terms of CRB, compared to coherent and orthogonal trans-
mit signals. Consider a ULAs with half a wavelength spacing
(d = \/2), Mg = 2 receivers, and My = 7 transmitters.
The basic waveform is chosen as linear frequency modulation
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Fig. 1. CRB on target range (left column) and DOA (right column) estimation as function of (Af, 6p), where T}, = 10 usec, Mg = 2, M7 = 7, ASNR =
15dB. In the first row - small BW (7, B = 0.1, B = 110 KHz), and in the second row - large BW (T}, B = 103, B = 100.1 MHz).

(LEM) signal, that is, so(t) = (1 / \/Tp) exp (jnB/Tyt?), t €
0,7}, where its bandwidth is given by B = B + 1/T),
and the pulse width is fixed to T}, = 10 pusec. We define the
array signal-to-noise ratio (ASNR) as ASNR £ |a|> Mz P/o?2,
which has been set to ASNR = 15dB. In the examples below
we assume a single target (L7 = 1) in a single Doppler bin,
where the unknown target range and DOA are r = 1 Km and
6 = 0°, respectively.

In Fig. 1, the CRB on target range and DOA estimation
(17), is shown as a function of (Af,6y) under both small
and large BW scenarios, where the weight vector is chosen
as w = \/P/Mra} (). It can be noticed that in the small
BW case, the CRB on range estimation decreases as |A f]|
increases. This is due to the fact that the total BW of the
transmit signal is increased. However, in large BW scenario,
the contribution of Af is negligible because |Af|- (Mr —
1) <« B, while transmission of steered beam to the target
direction with coherent signals (Af = 0,6y = 6 = 0°) yields
the highest gain, thus the CRB on range is lowest for those
parameters. In regard to the CRB on DOA estimation, one can
notice an interesting phenomenon: for most values of Af # 0
and 6y, the CRB is lower for the large BW case, while for
coherent signals the CRB has not changed.

In order to demonstrate the BW influence on DOA esti-
mation performance, in Fig. 2 we present the CRB on DOA
estimation versus the frequency increment. In this figure, for
every Af the weight vector is optimized by two methods:

1) w was set as in Fig. 1, and the CRB is minimized w.r.t. 8.
2) minimization of the CRB w.r.t. general weight vector under
energy constraint per element. It can be seen that for each
method, if Af = 0 the BW does not affect on the CRB,
while for Af # 0 the CRB is improved. This phenomenon
can be explained by the coupling between range and DOA in
the CRB. Therefore, if the BW increases, more information on
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Fig. 2. Optimal CRB on target DOA estimation versus frequency increment,
for small BW (T, B = 0.1, B = 110 KHz) and large BW (T, B = 103, B =
100.1 MHz), where T}, = 10 usec, M = 2, Mp = 7, ASNR = 15dB.

the target range is available, which affects on the information
about ¢ and «. Note that since the case of known target
range is equivalent to the case of unknown range where the
BW approaches to infinity, the results of the known range
scenario are similar to those in the large BW scenario. Thus,
for Af # 0 there is a trade-off between the gain, and ability
to derive more information on the target DOA.

In Fig. 3 the minimized CRB on target localization (23)
is shown for the large BW case in order to demonstrate
that the optimized FDA waveform improves the target lo-
calization performance, compared to coherent and orthogonal
(FDA-MIMO) transmit signals. It can be seen that for each
of the four proposed optimization methods of the weight
vector (norm or element constraint, or choosing the weight
vector as proportional to a%.(6y) or a3.(6)), the lowest CRB
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Fig. 3. Optimal CRB on target localization estimation, where B =
100.1 MHz, T}, = 10 usec, Mr = 2, M7 =7, ASNR = 15dB.

is achieved by neither coherent (Af = 0) or orthogonal
(Af = £1/T, = £100 KHz) signals. The optimal FDA pa-
rameters are given by (Af = +0.015/T, = +1.5 KHz,w =
VP& (0opt) /|85 (Oopt)||), where 0, = £0.85°. In Fig. 1 we
have seen that in the large BW case, transmission of coherent
signals yields the best performance in terms of CRB on
range estimation. Nevertheless, the superior DOA estimation
performance by FDA radar decreases the CRB on cross-
range estimation and thus reduces the CRB on localization
performance. Note that since the minimized CRB is symmetric
w.r.t. Af, one-sided grid domain can be utilized.

V. CONCLUSION

In this paper, we have investigated the problem of waveform
design for target localization in FDA radar using the CRB. We
have found that minimizing the CRB w.r.t. to both the weight
vector and the frequency increment results in superior target
localization performance, compared to both coherent and or-
thogonal transmit signals. Because of the coupling between
range and DOA, increasing the transmit signal bandwidth
results in superior DOA estimation accuracy, and consequently
the localization performance improves.

The analysis and the waveform design method described in
this paper, consider standard linear FDA radar. Generalization
to arbitrary frequency increments or arbitrary array geometries
can be further investigated in future work. This work can also
be extended to use the additional degrees of freedom provided
by FDA, to cope with interference such as clutter or jammer
sources. Thus, adaptive or non-adaptive FDA transmit signal
design in the presence of interference is an interesting topic
for future research.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[11]

REFERENCES

P. Antonik and M. C. Wicks and H. D. Griffiths and C. J.
Baker, “Frequency diverse array radars,” in Proc. IEEE
Radar Conf., Verona, NY, USA, Apr. 2006, pp. 215-
217.

W.-Q. Wang, H. Cheung, and A. Farina, “An overview
on time/frequency modulated array processing,” IEEE J.
Sel. Topics Signal Process., vol. 11, no. 2, pp. 228-246,
Mar. 2017.

I. Bekkerman and J. Tabrikian, “Target detection and
localization using MIMO radars and sonars,” IEEE
Trans. Signal Process., vol. 54, no. 10, pp. 3873-3883,
Oct. 2006.

J. Tabrikian, “Performance bounds and techniques for
target localization using MIMO radars,” in MIMO
Radar Signal Processing, J. Li and P. Stoica, Eds. Wiley,
Nov. 2008, ch. 4, pp. 153-192.

R. Gui, W.-Q. Wang, C. Cui, and H. C. So, “Coherent
pulsed-FDA radar receiver design with time-variance
consideration: SINR and CRB analysis,” IEEE Trans.
Signal Process., vol. 66, no. 1, pp. 200-214, Jan. 2018.
J. Xiong, W.-Q. Wang, and K. Gao, “FDA-MIMO radar
range-angle estimation: CRLB, MSE, and resolution
analysis,” IEEE Trans. Aerosp. Electron. Syst., vol. 54,
no. 1, pp. 284-294, Feb. 2018.

T. Liao, Y. Pan, and W.-Q. Wang, “Generalized linear
frequency diverse array manifold curve analysis,” IEEE
Signal Process. Lett., vol. 25, no. 6, pp. 284-294, Jun.
2018.

B. Chen, X. Chen, Y. Huang, and J. Guan, “Transmit
beampattern synthesis for the FDA radar,” IEEE Anten-
nas Wireless Propag. Lett., vol. 17, no. 1, pp. 98-101,
Jan. 2018.

J. Li, L. Xu, P. Stoica, K. W. Forsythe, and D. W. Bliss,
“Range compression and waveform optimization for
MIMO radar: A Cramér-Rao bound based study,” IEEE
Trans. Signal Process., vol. 56, no. 1, pp. 218-232, Jan.
2008.

J. Xiong, W.-Q. Wang, and K. Gao, “FDA radar am-
biguity function characteristics analysis and optimiza-
tion,” IEEE Trans. Aerosp. Electron. Syst., vol. 54,
no. 3, pp. 1368-1380, Jun. 2018.

R. Gui, W.-Q. Wang, Y. Pan, and J. Xu, “Cognitive
target tracking via angle-range-doppler estimation with
transmit subaperturing FDA radar,” IEEE J. Sel. Topics
Signal Process., vol. 12, no. 1, pp. 76-89, Feb. 2018.
S. Y. Nusenu and A. Basit, “Cognitive transmit subarray
FDA design for integrated radar-communication using
flexible sidelobe control,” in Proc. of the 7th IEEE Inter-
national Conference on Adaptive Science & Technology
(ICAST), Aug. 2018.

H. Cramér, Mathematical Methods of Statistics. Prince-
ton, NJ: Princeton Univ. Press, 1946.



