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Abstract— Different phased-array only providing angle-
dependent array factor, frequency diverse array (FDA) offers
both angle- and range-dependent array factor. In this letter,
we optimally design FDA frequency offsets by formulating a
constrained nonlinear programming problem to produce range-
angle focusing beampattern. The corresponding time-variance
characteristics of the optimized FDA beampattern are also
analyzed. The proposed method is verified by simulation results,
which superiority to existing Log-FDA, Hamming-FDA and GA-
FDA methods are validated.

Index Terms—Frequency diverse array (FDA), constrained
nonlinear problem, time-variance, beampattern synthesis, beam-
pattern focusing.

I. Introduction

FREQUENCY diverse array (FDA) technology [1]–[4] is
a new direction to provide joint space (i.e., angle and

range) focusing in the future. Unlike traditional phased-array
(PA) that only synthesizes angle-dependent beampattern, the
beampattern generated by FDA also depends on the range [5].
In [6], a frequency diverse chirp waveform structure was used
to generate range-angle coupled beampattern together with
the ambiguity analysis. In [7], full-wave analysis of FDA was
studied with the finite difference time domain method.

As FDA has inherent range dependence that PA does not
have, FDA has many potential applications such as target
parameter estimation [8], [9], microwave imaging [10]–[12],
RF stealth [13] and so on. However, the standard FDA will
produce range and angle coupled beampattern [14], which
is a disadvantage in parameter estimation [15]. To generate
uncoupled range-angle beampattern for FDA, there are two
ways to choose: 1) uniform frequency offsets and nonuniform
element spacing [16], 2) uniform element spacing and nonuni-
form frequency offsets. Since nonuniform element spacing is
not easy to change in real time according to the actual needs,
it is necessary to focus the beampattern.

Dai et al. [17], [18] adopted a multi-carrier FDA geometry
and convex optimization to achieve uncoupled range-angle
beampattern. Khan et al. [19] used logarithmic frequency
offsets to decouple the range-angle beampattern, but the beam-
pattern has serious power leakage and poor resolution that
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will degrade its parameter estimation performance. In [14],
symmetrical frequency offsets and Hamming windowing were
involved to generate a focusing beampattern at the cost of
high sidelobes. In addition, genetic algorithm (GA) was used
[20] to search for a set of nonlinear frequency offsets for a
focusing beampattern, but the GA requires high computational
complexity. In [21]–[23], time-modulated frequency offsets
were adopted to producing time-invariant beampattern within
a time duration, but the beampattern is in fact still time variant.

In this letter, we optimally design the frequency offsets
by solving a constrained nonlinear optimization problem to
generate a range-angle focusing beampattern, which achieves
superior resolution to existing Log-FDA [19], Hamming-FDA
[14] and GA-FDA [20] schemes. Furthermore, time-variance
of the FDA beampattern is also analyzed. The remainder
of this letter is organized as follows. The proposed FDA
focusing beampattern synthesis is presented in Section II, and
simulation results and discussions are given in Section III.
Finally, conclusions are drawn in Section IV.

II. FDA Focusing Beampattern Synthesis

Consider a linear FDA with M elements spaced by d = λ/2
with λ being the wavelength. The radiated frequency of the
m-th element is

fm = f0 + ∆ fm, m = 0, 1, . . . ,M − 1 (1)

where f0 and ∆ fm denote the carrier frequency and nonlin-
ear frequency offset for the mth element, respectively. The
continuous-time signal transmitted by the mth element can be
expressed as

xm (t) = wm exp ( j2π fmt) , t ∈ [0,T ] (2)

where wm is the corresponding complex weight, and T is the
signal duration.

Taking the first element as the reference, for an arbitrary
far-field position with angle θ and range r, the radiation
distance for the mth element can be approximated by rm ≈

r − md sin θ. The overall transmitted signals can then be
expressed as

x (t; r, θ) = exp
{

j2π f0

(
t −

r
c0

)} M−1∑
m=0

wm exp { j2π∆ fmt}

× exp
{
− j2π

∆ fmr − f0md sin θ − m∆ fmd sin θ
c0

} (3)

where c0 is the speed of light. Note that, since f0md sin θ/c0 �

m∆ fmd sin θ
/
c0, the last term m∆ fmd sin θ

/
c0 is neglectable.
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Fig. 1: Two-Dimensional mapping of main beam region and sidelobe
regions.

The corresponding array factor (AF) is

AF (t; r, θ) ≈
M−1∑
m=0

wm exp ( j2π∆ fmt)

× exp
{
− j2π

(∆ fmr − f0md sin θ)
c0

} (4)

According to (4), it is worth noticing that:
1) Given the angle θ = θk for ∀t ∈ [0,T ], the quasi-static

beampattern is affected by both range r and frequency offset
∆ fm.

2) Given range r = rk for ∀t ∈ [0,T ], the quasi-static
beampattern is only related to angle θ.

For notational convenience, we rewrite (4) as

AF (t; r, θ) = wT a (t; r, θ) (5)

where T is the transpose operator. To steer the beampattern
to the target position (rk, θk), the weight vector w should be

w =



exp
{
− j2π∆ f0rk

c0

}
exp

{
− j2π∆ f1rk− f0d sin θk

c0

}
...

exp
{
− j2π∆ fM−1rk− f0(M−1)d sin θk

c0

}


(6)

The corresponding transmit steering vector a (t; r, θ) is

a (t; r, θ) =



exp ( j2π∆ f0t) exp
{
− j2π∆ f0r

c0

}
exp ( j2π∆ f1t) exp

{
− j2π∆ f1r− f0d sin θ

c0

}
...

exp ( j2π∆ fM−1t) exp
{
− j2π∆ fM−1r− f0(M−1)d sin θ

c0

}


(7)

The transmit beampattern can then be represented by

P (t; r, θ) =
(
w ⊗ w†

)T (
a (t; r, θ) ⊗ a(t; r, θ)†

)
(8)

where ⊗ and † denote the Hadamard product and conjugate
operators, respectively.

To form a focusing beampattern at the desired position,
we utilize the power difference between the sidelobe region
{S 1, S 2, S 3, S 4} and the main beam region K, as shown in Fig.

1, and formulate the beampattern synthesis as a constrained
nonlinear programming problem. The radiation power in main
beam region is

PK (t; rK , θK) =
(
w ∗ w†

)T (
a (t; rK , θK) ∗ a(t; rK , θK)†

)
(9)

while the radiation power corresponding to sidelobe region is

PS (t; rS ,ΘS ) =



(
w ∗ w†

)T (
a
(
t; rS 1 , θS 1

)
∗ a

(
t; rS 1 , θS 1

)†)(
w ∗ w†

)T (
a
(
t; rS 2 , θS 2

)
∗ a

(
t; rS 2 , θS 2

)†)
...(

w ∗ w†
)T (

a
(
t; rS 4 , θS 4

)
∗ a

(
t; rS 4 , θS 4

)†)


(10)

with rS =
[
rs1 , rs2 , · · · , rs4

]T and ΘS =
[
θs1 , θs2 , · · · , θs4

]T .
Mathematically, the focusing beampattern synthesis can be

recast as

∆f̂ = arg max
∆f
{PK (t; rK , θK) − ‖PS (t; rS ,ΘS )‖1} (11)

where ‖·‖1 denotes the 1-norm of a vector, and the constrained
frequency offset vector is

∆f =

[
∆ f0 ∆ f1 · · · ∆ fM−1

]
(12)

At this point, we can use MATLAB built-in constrained
nonlinear optimization tool to calculate the objective function
(11). The computation steps are listed in Algorithm 1.

Algorithm 1 FDA range-angle focusing beamforming syn-
thesis algorithm.

Input: t, M, d, c, f0, θK , rK ;
Output: ∆f
1: Initialize the frequency-offset vector ∆f randomly be-

tween ∆ fmin and ∆ fmax.
2: Fix the time t to a certain moment, notice that t ∈ [0,T ];
3: Design constrained nonlinear optimization problem by

taking the negative (11);
4: Calculate the minimum of constrained nonlinear opti-

mization problem specified by
fmincon (func,∆f, A, 0, Aeq, 0,∆ fmin,∆ fmax) with A =
[], Aeq = [];

5: return ∆f;

III. Simulation Results and Discussions

In this section, we simulate the FDA beampattern with
our optimized frequency offsets and compare with typi-
cal existing frequency offset schemes. Unless state other-
wise, we assume the FDA with 16 uniformly-spaced and
isotropic elements operating at the carrier frequency f0 =
10GHz. The initial frequency offsets ∆ fm are generated
randomly with the constraint scope ∆ fmin = −30kHz and
∆ fmax = 30kHz. Assume the desired position is (rK , θK) =(
75km, 25o) and the observation area ranges from 50km

to 100km, while the whole range-angle region is Ω =
{50km ≤ r ≤ 100km, − 90o ≤ θ ≤ −90o} , the main beam re-
gion is K = {70km ≤ r ≤ 80km,20o ≤ θ ≤ 30o}.
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(a)

(b)

Fig. 2: 2-D FDA beampattern: (a) Range dimension; (b) Angle dimension.

TABLE I: COMPARISON OF THE FOCUSING PERFORMANCE

Method
P(r, θ)

Spatial S LL HPBWr [km] HPBWθ [deg]

Log-FDA 0.56 12.08 27.07

Hamming-FDA 0.39 7.88 7.27

GA-FDA 0.36 5.24 8.19

Our method 0.36 3.28 7.02

A. Focusing Beampattern Performance

Firstly, we compare the 2-D FDA beampattern (i.e. normal-
ized power in range r and angle θ) at the observation time
t = 0 between four schemes, namely, Log-FDA, Hamming-
FDA, GA-FDA and our method, as shown in Fig. 2. Fig.
2(a) indicates that different frequency offsets generate distinct
range-dimensional beampattern, which also shows that our
method forms the narrowest main beam and the lowest side-
lobe among four methods. Fig. 2(b) shows that the frequency
offsets have no effects on the angle-dimension beampattern.

Secondly, Fig. 3 shows the 3-D FDA transmit beampattern,

Fig. 4: Computation time with respect to number of the array elements.

where the beampatterm focusing effect is visually displayed.
We can see that our method achieves the best focusing
performance in both range and angle dimensions among four
methods.

Finally, we evaluate the performance of four methods
numerically in 3-D: Spatial sidelobe level (SLL), half-power
beam width in the range dimension (HPBWr) and angle
dimension (HPBWθ). Numerical results in Table I show that
the spatial SLLs generated by GA-FDA and our method have
lower sidelobe level with the same SLL = 0.36. In addition,
the HPBWr and HPBWθ results obtained by our method are
the best, which are 3.28 and 7.02, respectively.

It is noticed that our proposed method achieves similar
focusing performance as GA-FDA. Further comparing sim-
ulations are carried out with a desktop computer equipped
with 1 intel(R) core(TM) i5-6500 CPU at 3.2GHz and 8GB
of RAM. The results given in Fig. 4 indicate that our method
requires significant lower computation time than that for GA-
FDA.

B. Time Variance Analysis and Discussions

To examine the FDA beampattern time variance, we sim-
ulate the FDA beampattern at two observation moments
t = {0us, 30us}, as shown in the Fig. 5, which shows that the
FDA focusing beampattern still is time variant and periodic,
which is different from the conclusion in [21]–[23]. The
main reason is that, the ∆ fm(t) in [21]–[23] is a function
of time, but in fact ∆ fm(t) will change in with the signal
propagation process, which is not consistent with the FDA
actual transmitted signal.

IV. Conclusion

In this letter, we proposed a range-angle focusing FDA
beampattern with nonuniform frequency offsets optimized
by a constrained nonlinear programming. Numerical results
show that the proposed method achieves superior focusing
performance as well as low computational complexity, while
compared with existing methods.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 3: FDA beampatterm (t = 0): (a)-(b) Log-FDA; (c)-(d) Hamming-FDA; (e)-(f) GA-FDA; (g)-(h) Our method.

(a) (b)

Fig. 5: FDA beampatterm considering time-variance (T = 30us): (a)
t = 0us; (b) t = 30us
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