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Abstract—In this paper, we propose an interpolated computa-
tionally efficient subspace-based method without eigendecompo-
sition (ISUMWE) for the direction-of-arrivals (DOA) estimation
of narrowband coherent signals in arbitrary linear arrays.
ISUMWE estimates DOA based on the outputs of the virtual
array by using an interpolation transform technique. Therefore,
it overcomes the common restriction of uniform linear array
(ULA) geometry when estimating coherent signals and becomes
suitable for more general array geometry than ordinary methods.
Meanwhile, the coherency of incident signals is decorrelated
through a linear operation of a matrix formed from the cross-
correlations between some sensor data in a designed virtual array
which can be computed from the linear transformation of sensor
data in the real array, where the effect of additive noise is
eliminated. Consequently, the DOA can be estimated without
performing eigendecomposition, and the noise pre-whitening
which is required in traditional interpolation procedure can be
avoided. As a result, the ISUMWE extends the application of
the original subspace-based method without eigendecomposition
(SUMWE) into arbitrary linear array with high accuracy and low
computational complexity. The numerical results demonstrate the
validity of the proposed method.

Index Terms—Direction-of-arrival, coherent signals, computa-
tionally efficient , array interpolation

I. INTRODUCTION

The direction-of-arrivals (DOA) estimation of incident sig-
nals is a fundamental problem in array processing, and it has
received considerable attention of many researchers [1], [2]. In
practice, multipath propagation is usually encountered due to
various reflections, and there are many DOA estimation meth-
ods proposed for coherent signals [3]—[7]. The beamforming
is one of the oldest ideas for DOA estimation, and perhaps
the most well known one is the Capon beamformer [8], [9],
which can be applied to the array with arbitrary geometrical
configurations and has low computational complexity, while
its performance degrades significantly when the number of
snapshots is small and/or the signal to noise ratio (SNR) is
low [10]. Although some modified techniques are proposed to
solve the performance degradation and geometrical restriction
of coherent signals estimation [11], their estimation perfor-
mance still needs to be improved. Besides, subspace-based
DOA estimation methods such as multiple signal classification
(MUSIC) [12] are well studied due to its good estimation
accuracy. However, these traditional subspace-based method-
s are based on eigendecomposition of an array covariance
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matrix, which is very complicated and usually cannot meet
the calculation requirements when the number of sensors is
large or the real-time estimation is required. To avoid the
computationally intensive operations of eigendecomposition,
many new subspace-based methods have been proposed, such
as the bearing estimation without eigendecomposition (BE-
WE) [13], [14], [15], orthonormal propagator method (OP-
M) [16], [17], subspace methods without eigendecomposition
(SWEDE) [18], subspace-based method without eigendecom-
position (SUMWE) [19] and so on. Among them, the SUMWE
method can reduce the computational complexity to a large
extent and reach the accuracy level of traditional subspace
method. However, the use of SUMWE is restricted to the
uniform linear array. Unfortunately, the ideal uniform linear
array is difficult to obtain in practical applications. A DOA
estimation method for arbitrary array geometries is proposed
in [20], but it is based on noise-free model and limited in low
noise case. Capon beamformer is modified and extended to
arbitrary linear array without high computational complexity
eigendecomposition in [21], however it’s still puzzled by high
computation when its parameter m is high.

Here, we propose an interpolated computationally ef-
ficient subspace-based method without eigendecomposition
(ISUMWE) for the direction-of-arrivals (DOA) estimation
of coherent signals in arbitrary linear arrays. Based on the
interpolation transform technique [22] [23] and benefited from
the design of virtual array, the virtual cross-correlations data
can be computed from the linear transformation of real cross-
correlations data, and the noise pre-whitening which is re-
quired in traditional interpolation procedure can be avoided.
As a result, the restriction of uniform linear array geometry
required by the SUMWE is overcome, and the SUMWE is
extended to arbitrary linear array successfully.

II. PROBLEM FORMULATION

As shown in Fig. 1, we consider an arbitrary linear array
composed of M identical and omnidirectional sensors, and
suppose that p narrowband signals {s;(n)}?_; with the center
frequency fy, impinge on the array from far-field along the
distinct direction {6;}7_;. The received noisy array data at
the nth snapshot can be expressed as

y(n) = A(0)s(n) + w(n) (1)
where y(n), s(n) and w(n) are the vectors of the received
noisy signals, the incident signals, and additive noise respec-
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Fig. 1. The geometric configuration of the arbitrary linear array

1>2

tively given by y(n) = [y1(n),y2(n),....yar(n))”. s(n)
[s1(n), s2(n),...,sp(n)]T and w(n) £ [w1(n),wsa(n), ..
war(n)]T, A(6) is the array response matrix given by A(6)
[a(61),a(62),...,a(6,)] , and (-)7 denotes transpose.

In this paper, we make the following assumptions: 1)
Given a set of distinct {61,605,---6,}, the {a(61),a(2),
...,a(fp)} are linearly independent. 2) The incident signals
{si(n)} are all coherent, which can be expressed as com-
plex multiples of a common signal s;(n): s;(n) = &s1(n)
where &; is a complex attenuation coefficient of ith signal.
3) The incident signal s;(n) is temporally complex Gaussian
random process with zero-mean and the variance given by
E{si(n)si(t)} = rsdpe E{s1(n)s1(t)} =0,Yn,t where
E{-}, (-)* and §,, denote the expectation, the complex
conjugate, and the Kronecker delta respectively. 4) The ad-
ditive noises {w;(n)} are temporally and spatially complex
white Gaussian random process with zero-mean and variance
02, where E{w(n)wf (t)} = 02116, E{w(n)wT(t)} =
O, Vn,t, while I,,,, O, and (1) indicate the m x m
identity matrix, the m X ¢ null matrix, and the Hermitian
transpose. In addition, the additive noise is uncorrelated with
the incident signals. 5) The number of incident signals p is
known and it satisfies the relation M > p.

This paper concentrates on estimating the DOA {6;}7_; of
coherent signals from the noisy array data {y(n)}2_; in an
arbitrary linear array.

>

III. ISUMWE METHOD
A. Interpolation Transformation

We divide the array scanning area into L sectors and
implement interpolation transform on each sector separately.
Take [th sector: ©; : [91(1)952)] as example, we define a set of
angles ©; with A# intervals:

0, =00 + A0, +200,--- 0] (@)

As shown in Fig. 2, we design the the virtual array as
an uniformly spaced linear array with the spacing d to make
sure the effective implementation of subarray averaging and
polynomial rooting. In addition, the first sensor and the last
sensor of the virtual array have same location with that of the
real array, which is the basis for subsequent derivation. We
divide real array into two subarrays: real subarray a which
consists of the first M — 1 sensors and real subarray /5 which
consists of the last M — 1 sensors. Similarly, virtual array
is divided to: virtual subarray « which consists of the first
M, — 1 sensors and virtual subarray 5 which consists of the

last M, — 1 sensors. Empirically, we hope that the difference
between the position of the real array and that of the virtual
array is as small as possible [22]. And we often adjust the total
aperture of virtual array to be approximately equal to that of
the real array so as to decrease the interpolation error.

Real Subarray o
A

N\
Real @ o0 © © e e o
Array 1 \2 3 4 M -1 A}l
Y n
; Real Subarray i

Virtual Subarray o
A

Virtual £ ]
! @@ — N o0
1 2 3 4 M, -1 M,
& v J

Virtual Subarray S
Fig. 2. The design of virtual array

The response matrices for set ®; of real subarray a and
virtual subarray o can be computed as:
Ay = [aa(el(l))vaa(el(l) + Af), - aa‘a(al@)ﬂ 3)
Aot = [@a(6,"),@8a(6;" + 26), - @0 (6”)
where aa(a) _ [1’ efj(27r/)\)D2 sine’ L 7€7j(27r//\)DM,1 sin O}T;
D, represents the distance between the first sensor
and the ith sensor in the real array; a,(f) =
[1’ efj(27r/)\)dsin0’ L. 767j(27r/)\)(MU72)dsin0]T_ There
exists a constant matrix B,; which satisfies that:
BalAal = Aal (4)
Response matrices A,; and A, are known since the ®; is
certain. Therefore, the interpolation matrix B,; can be esti-
mated as the least squares solution of (4). And the interpolation
error of A,; and A, is defined as [22]:
o HAal - BaleclH
[ At
Similarly, the interpolation matrix Bg; can be calculated by
solving the following least squares problem:

®)

€al

By Ag = Ag (6)
where Ag, is the response matrix of real subarray /3, giving
by Ag = lag(®;"),as(0;” + A6),-- as(0)]: Ay

is the response matrix of virtual subarray [, giving by
< _ 1)y = 1 _ 2

Ay = [ag(0"),a5(0" + N0).-- ap(0”)]: ap(6) =
[e—](QTr/)\)DQ sm9’ e—](QTr/)\)Dg 51n97 . ,6_](2‘”/)\)DM sin 01T
and 65(9) — [e—j(Qﬂ'/A)dsinF)7 e—j(27r/k)2dsin9’ cee
efj(Zﬂ/A)(Mufl)dsinﬁ}T.

With the increase of the number of divided sectors, the in-
terpolation error decreases while the computational burden be-
comes heavier. Typically we choose the minimum in the set of
L which meet the condition that (e, + €5;)/2 < 1073 as the
number of sectors [22]. Then compute B,1, B2, - Bar,
and Bgi, Bga,--- Bgr, in each sector separately. For nota-
tional convenience, we use B, and Bg to respectively repre-
sent By1,Bga,- - By, and By, Bgs,--- Bgr,, hereafter,
then (4) and (6) become:

B, A, =A, (N
BsAg = Ay (8)
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It is worth noticing that the interpolation matrix B, and By
need to be computed only once when the real array is given
and the virtual array is designed, and it can be done off-line
since we don’t use the information of the incident directions
of signals.

The received signal y;(n) of the ith sensor in real array and
7i(n) of ith sensor in virtual array can be reexpressed by:

yi(n) = bl (0)s(n)+w;(n) ©9)

§i(n) = b; (8)s(n)+@i(n) (10)

where b; N [e_j(Qﬂ'/)\)Di sin 01 , e—i(2m/X)D; sin 027 -
—j(27/X)D; sinep]T; b, A 67j(27r/)\)(i71)dsin01,

—j(2m/A)(i—1)dsin 02, L iefj(27r/)\)(i71)dsin OP]T;

wi(n)
and @;(n) represent noise in the ith sensor of real array
and virtual array respectively. Based on above design of the
virtual array, we have:

by (0) =bj () (1)
By, (0)=b1,(0) (12)

We use ¢, to represent the correlation vector between the
signal yas(n) and the signal vector y,, (n) of real subarray «;
and use @, to represent the correlation vector between the
signal gz, (n) and the signal vector g, (n) of virtual subarray
o

o ZE{yn(n)yh ()} =[ray, rasz. - o rarni—1]

Po = E{Gar, ()7 (n)} = s g, —1)(13)
where r;; is the correlation between signals y;(n) and
yr(n) defined as r;x = E{yi(n)y;(n)}; 7ix is the corre-
lation between signals 7;(n) and @i (n) defined as 7;) =
E{5:(n)g;(n)}.

Based on (9), ¢, can be expanded as:

Yo = E{yn(n)yq (n)}

= B{(bj(8)s(n) + war(n))(s" (n) A +wii(n))}
= E{bj (0)s(n)s" (n) A} + E{b}; (0)s(n)wq (n)}
+ E{wnr(n)s (n) A} + E{wn(n)wi(n)} - (14)
Because of the assumption 4), the last three items in (14) will
be zero, then we get:

Po = E{by(0)s(n)s" (n) Ay} = by, (0)Rs Ay (15)
where Rg indicates the covariance matrix of incident signals
defined as Rs = E{s(n)s'(n)}. Similarly, based on (10),
@,, can be expanded as:

_ =T H, \ 7H =T —H

Po = E{by, (0)s(n)s"(n) Ay} = by, (0)Rs A, (16)
Based on (7),(12) and (15), ¢, in (16) can be converted to:
_ =T ~H
Po = vaL, (H)RSAa

[FMy 1, T2,

= bl (0)Rs A,
= b3, (9)Rs Al By,
= ¢.By (17)
In the same way, we define 45 and @4 as:
ps = E{m(n)yj(n)} =b (ARs AL (18)
s 2 E{m(n)g(n)} = b (9)RsA;  (19)

Then based on (8),(11), we get the transform relationship

between ¢ and @g:
¢p =B} (20)
Evidently by using received data from the real arbitrary
linear array and the interpolation matrices computed off-line,
we obtain the correlation vectors @, and @4 of virtual array
when same incident signals are imping on the virtual array.
Hence the given arbitrary array is converted into virtual ULA
successfully.

B. DOA Estimation Without Eigendecompositon

Using the correlation vectors @, = [Far,1,70,.2, "
fMU,val] and (IBﬂ = [fl’Q,fl’?”' .- ,fl’A{v] of virtual array,
based on SUMWE [19], we can estimate DOA of coherent
51gnals as follows. Firstly, form the correlation matrices @,
) f>» Py and &, by using correlation coefficients in @, and

Pg:
Qs L pp, 002 epn-1)"
®; 2 (pro,Prs, e Pr)”
A T
b = [Qob 1 9917 2,7 " 7S0b,L71]
®, £ [Bo2, Poze s PuL)” 2D
where cpf7l:[rl,kfuarl+l,Mv7 s Tip-1,m,] "pf,l:[rlJ’
Flatts s Tigp—11]Ts @pr = [P T, f1,1+p—1]T,

P1 = [Fr,,1, 7o, 0415 5T 1] for L= 1,2,
L—1,and L = M, —p+ 1. Then, divide correlation matrlces
@f, (I’f, (I’b and (I’b in (21) as:

Q| b op
s [cpﬂ_ b L-p—1
= al®n | }op
@f_[i’fQ_ } prfl
3 2 @ | }op
b Py | } L-p-1
= Al @]} p
R S B @

Then, we can form a linea_r operator T" [19]:
T = ($,9)) ', 9] (23)
Where_ '~I>1 é [@fla(i)fla@blai)bl]a and ‘I’Q é [‘I’fg,‘i’fg,

Py, Pro]. The estimated orthogonal projector ILg can be
calculated by:

I, = Q(R"Q)'Q"
where Q 2 17, —1,_, .
Finally, the DOA {6;}”_, can be estimated by searching the
p highest peaks of the spatial spectrum P(6):

P(9) £ 1/a"(9)TIa(0) (25)
where @ (6) A 1, e=I2m/N)dsing . ’efj(27r/)\)(L72)dsin9]'
Benefiting from the Vandermonde structure of the response
matrix A of the virtual array, we can use polynomial rooting
to replace the peaks searching here. By defining a complex
variable z as z = e*J(Z’T/)‘)dsm(a), from (25), we have

P(0) = P(z) = 1/a" (»)IIga(z) (26)
where @ (z) = [1,2,---,2Y72]T. DOA estimates can be
obtained by finding the phases of the p zeros of the polynomial

(24)
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P(z) in (26) closest to the unit circle in the z-plane [3], [24].

C. Implementation of ISUMWE

Based on the above discussion, when the finite array data
{y(n)}_, are available, we can summarize the implementa-
tion of the proposed ISUMWE method as follows:

1) Calculate the estimated correlation vector ¢, of yas(n)
and y,(n) and that 4 of y1(n) and ygz(n) as
Po = E{ynr(n)yq (n)}
¢p = E{y1(n)yj (n)} 27
2) Estimate the interpolation matrix B, and Bg by calculat-
ing the least squares solution of (7) and (8) respectively.
3) Calculate the correlation vector @, and @4 in virtual
ULA with (17),(20) by using ¢, Ba, ¢ and Byg.
4) Form the correlation matrices ®;, ®;, ®;, and ®;, by
using correlation coefficients in @, and @5 with (21).
5) Estimate the linear operator T with T =
(®,®)"'®,®Y by dividing ®;, ®;, ¥, and
®, with (22) and calculate the estimated orthogonal
projector Ilg as

Mo =QUIp—p —THTT" +1,)7'T)Q" (28)

6) Estimate the directions {6;}”_, by finding the phases of

the p zeros of the polynomial P(z) in (26) closest to the
unit circle in the z-plane.

The implementation of ISUMWE algorithm requires three
major steps: (7) computation of the correlation vectors ¢, and
$p in (27); (i) calculate the virtual correlation vectors @,, and
s using interpolation matrix B,, B and real correlation
vectors ¢, @z with (17),(20), and (77) estimation of the
orthogonal projector IIo with (23),(28). Here we use the
number of MATLAB flops as a measure of the algorithm
complexity, where a flop is defined as a floating-point addition
or multiplication operation. Then we approximately get the
computation in step (i) is about 16 NM flops, that in (i7)
is about 16M M, flops, and for steps(iii), the computation
of T takes about 64p?(M, — 2p) + Fj,.(p) + 32p> flops,
and that of Ilg is about 16p?(M, — 2p) + 8M,(M, —
2p)2 + S(Mv _p)Q(Mv - 2]7) + Finv (p) ﬂops, where Finv (p)
indicates the complexity of inversion operation of p X p matrix.
When N >> M, M, >> p, the complexity of ISUMWE
is nearly 16NM + 16MM, + 16M (M — p) flops, which
occurs often in applications of DOA estimation, where the
computation of interpolation matrices is computed off-line and
the computations needed in the remaining steps are negligible.

Some existing interpolated DOA estimation methods of
coherent signals such as the FBSS-based root-MUSIC with in-
terpolation (I-FBSS-root-MUSIC) [23], the FBSS-based stan-
dard Capon beamformer with interpolation (I-FBSS-root-SCB)
[8], [21] and the FBSS-based Modified Capon beamformer
with interpolation (I-FBSS-root-MCB) [21] were proposed.
The I-FBSS-root-MUSIC involves one eigendecomposition
operation, and its computational complexity is about 8 N M2+
Fopq(Mo)+16M?2M+8M,M? flops, where M is the number
of sensors in subarray of spacing smoothing and F.,q(My)
indicates the complexity of eigendecomposition of My x M,
matrix. On the contrary, the complexity of I-FBSS-root-MCB

is SN M2 + Fip(Mo) + 16 M2 M + 8M,M? + 8(m — 1) My*
flops, which equals to the complexity of I-FBSS-root-SCB
when the parameter m = 1. Beamformer based methods(I-
FBSS-root-SCB, I-FBSS-root-MCB) estimate DOA without
eigendecomposition, hence have lower complexity than I-
FBSS-root-MUSIC. While the proposed ISUMWE avoids
eigendecomposition and doesn’t need calculate all correlations
in array covariance matrix, so it has much lower complexity.

IV. NUMERICAL RESULTS

In this section, we evaluate effectiveness of the proposed
method for DOA estimation of coherent narrowband signals by
using an arbitrary linear array, which is constructed by adding
a horizontal shift Ad; to the ith (: = 1,2, --- M) element of
a ULA consisting of M = 10 sensors with element spacing
d = \/2. As it is shown in Fig. 3, the horizontal shift vector
is given by

Ag = [0,0,0.1A, —0.1), 0.1\,
—0.1X, 0.1\, —0.1X,0.1), —0.1A]T  (29)

Two coherent signals with equal power arrive from angles
01=8° and 6= 20°.

d d
" A, ” Ad Ay,
...... D@
i i+1 i+2
Fig. 3. Simulation array setup

Meanwhile, the behavior of I-FBSS-root-SCB [8], [21],
I-FBSS-root-MCB [21], I-FBSS-root-MUSIC [23], and the
Cramer-Rao lower bound (CRB) [25], [26] are also carried
out for comparison. The results shown below are all based on
1000 independent trials. The empirical root-mean-square error
(RMSE) in the simulations is defined as

I\~ v i)
RMSE = EZZ@—@)

k=11i=1

(30)

where the K denotes the total number of trials and HAZ@ is the
estimate of 6; obtained in the kth trial.

Example 1—Performance versus SNR: The number of snap-
shots used is NV = 600. The RMSEs of estimates of the
DOA versus SNRs are shown in Fig. 4. From the curves in
Fig. 4, we can see that all methods estimate the DOA of the
coherent signals relatively accurately and the RMSEs decrease
significantly with the increase of SNR, benefiting from the
utilizing of interpolation transform and array decorrelation.
Meanwhile, the proposed method completely outperforms the
I-FBSS-root-SCB method, and outperforms the I-FBSS-root-
MCB method at low SNR. With the increase of SNR, the
resolution of proposed method becomes close to that of I-
FBSS-root-MUSIC method which is known for its precision.

Example 2—Performance versus Number of Snapshots: The
SNR is fixed at 5dB, and the number of snapshots varies from
100 to 10000. The results are shown in Fig. 5. It can be
observed that the proposed method outperforms the I-FBSS-
root-MCB method at high snapshots, and its RMSEs decrease
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Estimation Performance versus SNR

S —&— Interpolated--FBSS--root--SCB
—<— Interpolated--FBSS--root--MCB (m=2)
0‘ —6—ISUMWE
10 —#*— Interpolated--FBSS--root--MUSIC
4 - - -CRB
=)
[0}
)
L
@,
=10
o
102

5 0 5 10 15 20 25 30
SNR(dB)

Fig. 4. DOA estimation performance versus SNR.

Estimation Performance versus the Number of Snapshot

oL
10 —+&— Interpolated--FBSS--root--SCB
—<— Interpolated--FBSS--root--MCB (m=2)

—— ISUMWE

—#— Interpolated--FBSS--root--MUSIC
- - -CRB

RMSE (deg)

10 10° 10*
Number of Snapshots N
Fig. 5. DOA estimation performance versus the number of snapshots.

monotonically with the increase of the number of snapshots
and becomes close to that of I-FBSS-root-MUSIC method with
the increase of snapshots, while the RMSEs of the I-FBSS-
root-SCB method remain large for all numbers of snapshots.

V. CONCLUSION

In this paper, we propose an ISUMWE for DOA estimation
of coherent signals impinging on an arbitrary linear array. By
using an interpolation transform technique, the restriction of
ULA geometry required by subarray averaging and polynomial
rooting is overcome. As shown in simulations, the proposed
method performs well in arbitrary linear array. Moreover, our
method avoids the computationally intensive operations of
eigendecomposition. Therefore, it is still valid when number
of sensors is large or the real-time estimation is required.
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