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Abstract—Weighted sparse recovery refers to
sparse recovery where the signals have “weighted
sparsity” and weighted 11 minimization is used for
reconstruction. We propose novel weighted sparse
recovery guarantees with expander matrices, using
a weighted versions of the null space property to
derive these guarantees. These expender matri-
ces are very sparse, hence they have favourable
computational benefits compared to their dense
counterparts. Moreover, we show that it is possible
to achieve sample complexities that are linear in
the weighted sparsity of the signal, where the sam-
pling rates can be smaller than those of standard
sparse recovery. Furthermore, these results reduce
to known results in standard sparse recovery and
sparse recovery with prior information.

I. INTRODUCTION
A. Problem statement and overview

In using scaled binary matrices as sensing
matrices, the weighted sparse recovery problem,
introduced in [17], is modified in the following
way. Firstly, let x € R"™ be the target signal,
which is k-weighted sparse, i.e. Zies w; <'s,
where S is the support of x and 1 < w; < o0
for i € [n]. We sense x using a measurement
(sensing) matrix A € R™*" to get observations
y € R™, precisely y = Ax + e, where e is a
noise vector, which is bounded, i.e. |le]; <71 <
0. To recover x from y we solve the following
modified weighted ¢;-minimization problem.

min o, subject to [[Az—yl <7, ()
zZER™
where ||zll,1 = D>, wi|z| with weights

w; > 1. The difference in (1) from the standard
weighted ¢;-minimization problem is the re-
placement of the ¢3-norm by the /;-norm in the
data fidelity term (constraints). The scaled binary
matrices, A, used in this work are adjacency
matrices of expander graphs defined below.

Definition I.1. Ler G = ([N],[n], E) be a left-
regular bipartite graph with N left vertices, n
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right vertices, a set of edges E and left degree d.
If, for any € € (0,1/2) and any S C [N] of size
|S| < k, we have that |T'(S)| > (1—€)d|S|, then
G is referred to as a (k,d, €)-expander graph.

These matrices can extremely sparse having
only d ones (non-zeros entries) per column. This
make them more attractive for computational
purposes. Moreover, we used weighted sparsity
instead of standard sparsity due to the fact we
assume to have prior knowledge of the structure
of the class of signals we consider. Due to this
prior knowledge we assign weights that control
the likelihood of the inclusion of certain indices
in the support of our signal. More precisely, in
the above set-up smaller weights are assigned to
those indices which are deemed “more likely”
to belong to the true underlying support.

In the standard sparse recovery setting, bi-
nary matrices are known to possess what is
referred to as the square-root bottleneck, that
is they require m = Q gk2) rows instead of
the optimal O (klog (N/k)) rows to be “good”
compressed sensing matrices with respect to
optimal recovery guarantees in the {5 norm, see
[71, [8]. Yet, in [4], the authors show that such
sparse matrices achieve optimal sample com-
plexity (optimally few rows of O (klog (N/k)))
if one instead considers error guarantees in the
{1 norm. This manuscript develops comparable
results for sparse binary matrices in the setting
of weighted ¢; minimization.

The contributions of this work include (%)
the introduction of the weighted robust null
space property, satisfied by adjacency matri-
ces of (k,d, €)-expander graphs, see Definition
II.1 in Section II-A; (i) the characterization
of weighted sparse recovery guarantees for (1)
using these matrices, see Theorem II.2, in Sec-
tion II-A; (i4¢) the derivation of sampling rates
that are linear in the weighted sparsity of the
signals using such matrices, see Theorem II.3 in
Section II-B. Numerical experiments support the
theoretical results, see Section III.



B. Related work

Firstly, the use of sparse sensing matrices
from expander graphs in standard sparse recov-
ery is not new, see [4], which is motivated by
computational advantages of these matrices over
their dense counterparts. However, this work is
the first to apply these matrices to weighted
sparse recovery.

Secondly, weighted sparse recovery which
was introduced in [17] was using structured ma-
trices and bounded orthonormal systems, which
was dictated by the polynomial interpolation
problem they authors were looking at. The re-
sults derived in [17] were extended to the use of
Gaussian matrices in [3]. This work is a further
extension to the use of expander matrices.

Standard sparse recovery with weighted ¢;
minimization has a bit of a longer history, see
[11, [3], [5], [6], [10]-[13], [15]-[20]. Unlike
this work, all of these prior works considered
dense matrices, either subgaussian matrices or
structured random matrices.

An earlier version of this work is on arXiv,
[2]. Due to space issues a lot of details are
left out in this paper, in particular we skip all
the proofs in this paper and refer the interested
reader to the longer version of the paper on
arXiv, i.e. [2].

II. THEORETICAL RESULTS

The main results of this work give recov-
ery guarantees for weighted ¢; minimization
(1) when the sampling operators are adjacency
matrices of expander graphs for the class of
weighted sparse signals. We characterize the
appropriate weighted robust null space property
and expansion condition that the adjacency ma-
trix of a (k, d, €)-expander graph needs to satisfy
to guarantee robust weighted sparse recovery.
These results reduce to the standard sparsity
and unweighted ¢; minimization results when
the weights are all chosen to be equal to one.
We derive sample complexities, in terms of the
weighted sparsity s, of weighted sparse recovery
using weighted ¢; minimization compared to un-
weighted ¢; minimization with adjacency matri-
ces of a (k, d, €)-expander graphs. These sample
complexities are linear in w(S) and reduce to
known results of standard sparse recovery and
sparse recovery with prior information.

A. Robust weighted sparse recovery guarantees

The weighted null space property (w-NSP)
has been used to give sparse recovery guarantees
[12]-[14], [17] with two schemes for choice of
weights. In [12], [17] the weights w > 1; whilst
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in [13], [14] the weights w < 1. Similar to [17],
we consider the weighted robust NSP (w-RNSP)
for the type of matrices we focus on, which is
the robust version of the NSP in the weighted
case and follows from the unweighted RNSP
proposed in [9] for such matrices.

Definition II.1 (w-RNSP). Given a weight vec-
tor w, a matrix A € R"N s said to have the
robust w-RNSP of order s with constants p < 1
and T >0, if

[Vsllwr < pllvsellwa +7Vs|Av[, ()
forall v € RN and all S C [N] with w(S) < s.

We will derive conditions under which an
expander matrix satisfies the w-RNSP to deduce
error guarantees for weighted ¢; minimization
(1). This is formalized in the following theorem.

Theorem II.1 (Theorem 3.1, [2]). Let the matrix
A € {0,1}N be the adjacency matrix of a
(k,d, €)-expander graph. If eo, < 1/6, then A
satisfies the w-RNSP (2) with
262k 1
1 ey’ and T 3)

V(1 — deai)

Based on Theorem II.1 we provide recon-
struction guarantees in the following theorem.

Theorem II.2 (Theorem 3.2, [2]). Let A be
the adjacency matrix of a (k,d,e)-expander
graph with ez, < 1/6. Given any x € RY, if
y = Ax + e with ||e|1 < n, a solution X of
(1) is an approximation of x with the following
error bounds

||§ - XHw,l S Clos(x)w,l + 02\/§7]a (4)

where the constants C1,Cy > 0 depend only on
d and e.

B. Sample complexity

Here we derive sample complexities in terms
of the weighted sparsity, s, of weighted sparse
recovery using weighted ¢;-minimization with
sparse adjacency matrices of (k,d, €)-expander
graphs. These sample complexity bounds are
linear in the weighted sparsity of the signal
and can be smaller than sample complexities of
standard sparse recovery using unweighted ¢;-
minimization with and sparse adjacency matrices
of (k,d,e)-expander graphs. Moreover, these
results recover known results for the settings
of a) uniform weights, b) polynomially growing
weights, ¢) sparse recovery with prior support
estimates, and d) known support. In particular, in
the setting of sparse recovery with prior support
estimates, depending on mild assumptions on the
growth of the weights and how well is the sup-
port estimate aligned with the true support will



lead to a reduction in sample complexity. The
following derivations, without loss of generality,
assume an ordering of the entries of the signal
in order of magnitude such that S has the first
k largest in magnitude entries of the signal.

Theorem IL.3 (Theorem 3.3, [2]). Fix weights
w; > 1. Suppose that v > 0 depending
on the choice of weights, and 0 < § < 1.
Consider an adjacency matrix of a (k,d,¢€)-
expander A € {0,1}"*N, and a signal x € RV
supported on S C [N] with |S| < k and
Zz‘e swi < s. Assume that noisy measurements
are taken, y = Ax+e with |le|; < n and
€, < 1/6. Then with probability at least 1 — 6,
any solution X of (1) satisfies (4), if

n=0(s/(€y)), and d= O (en/k) . (5)

III. EXPERIMENTAL RESULTS

In these experiments we consider the class
of weighted sparse signals modeled in [3]. Pre-
cisely, the probability for an index to be in
the support of the signal is proportional to the
reciprocal of the square of the weights assigned
to that index. We also considered polynomi-
ally growing weights. In particular, we assign
weights w; = j1/° where the indices are ordered
such that the support corresponds to the smallest
in magnitude set of weights. The goal of the
experiments was to compare the performance
of weighted sparse recovery using weighted ¢;-
minimization and standard sparse recovery using
unweighted ¢;-minimization using both Gaus-
sian sensing matrices and sensing matrices that
are sparse binary adjacency matrices of expander
graphs (hence forth referred to as expander
matrices) in terms of a) sample complexity
b) computational runtimes, and c) accuracy of
reconstruction. The m x N Gaussian matrices
have i.i.d. standard normal entries scaled by v/m
while the expander matrices are generated by
putting d ones at uniformly at random locations
in each column. We draw signals of dimension
N from the above mentioned model, where the
nonzero values are randomly generated as scaled
sums of Gaussian and uniformly random vari-
ables without any normalization. We encode the
signals using these matrices and add Gaussian
white noise with noise level |le[2 < 1076 =: 7
and define 7; such that ||e||; < ;. For the
weighted sparse reconstruction, we use (1) with
expanders and use a modified version of (1),
replacing the ¢; by ¢ and n; by 77 in the
data fidelity term of (1), with Gaussian matrices;
while the standard sparse reconstruction used

Jnin - |z],1 subject to [|Az — |, <np, (6)
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with p = 1 for expanders and p = 2 for Gaussian
matrices.

The following results are averaged over
many realizations for each problem instance
(s,m,N). The dimension of the signal is
N = 29 For the expander matrices we
fixed d = [2log(N)] and we vary the num-
ber of measurements m such that m/N €
[max(2d/N,0.05),0.35]; and for each m we
vary the weighted sparsity of the supp(x), S,
such that w(S)/m = s/m € [1/min(m), 2.5].
Then we record k as the largest |S| for a
given s. We consider a reconstruction successful
if the recovery error in the /3-norm is below
10m; or 10m, for expander or Gaussian matrices
respectively and a failure otherwise. Then we
compute the empirical probabilities as the ratio
of the number of successful reconstructions to
the number of realizations.

A. Sample complexities via phase transitions

We present below sample complexity com-
parisons using the phase transition framework
in the phase space of (s/m, m/N). Note that in
all the figures we normalized (standardized) the
values of s/m in such a way that the normalized
s/m is between 0 and 1 for fair comparison.
Figure 1 shows phase transition curves in the
form of contours of empirical probabilities of
50% (solid curves) and 95% (dashed curves) for
expander and Gaussian matrices using either ¢,
or {,, 1 minimization. Both matrices have similar
performance and by having larger area under
the contours, weighted sparse recovery using (1),
outperforms standard sparse recovery using (6).
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— /{1 Gaussian .

Normalized s/m

Fig. 1. Contour plots depicting phase transitions of
50% and 95% recovery probabilities (dashed and solid
curves respectively).

The result in Figure 1 is further elucidated
by the plots in Figure 2 and Figure 3. In the
latter we show a snap shot for fixed s/m = 1.25
and varying m while in the former we show
a snap shot for fixed m/N = 0.1625 and
varying s. Both plots confirm the comparative



performance of expanders to Gaussian matrices
and the superiority of weighted /1 minimization
over unweighted ¢; minimization.
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Fig. 2. Recovery probabilities for a fixed s/m = 1.25
and varying m.

1 \
\ ——(; Expander
|t Gaussian
= 0.8 v |-» £, Expander
= “ -o- (,1 Gaussian
= )
Zo6 .
S .
a v
> "
504 i
%
:
=02 0
W
NN
oo
0 -
0 0.2 0.4 0.6 0.8 1

Normalized s/m

Fig. 3. Recovery probabilities for a varying s and fixed
m/N = 0.1625.

B. Computational runtimes

To compare runtimes we sum the generation
time of A (Gaussian or expander), encoding
time of the signal using A, and the reconstruc-
tion time, with weighted ¢; minimization over
unweighted ¢; minimization, and we average
this over the number of realizations. In Figure
4 we plot average runtimes for varying m/N.
This clearly shows that expanders have small
runtimes.
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C. Accuracy of reconstructions

In Figures 5 and 6 we plot relative approxi-
mation errors in the £, ; norm. Figure 5 is for a
fixed s/m = 1.25 and varying m; while Figure
6 for fixed m/N = 0.1625 and varying s. In
Figures 7 and 8 we plot relative approximation
errors in the /5 norm. Similarly, Figure 7 is for a
fixed s/m = 1.25 and varying m; while Figure
8 is for fixed m/N = 0.1625 and varying s.
In both sets of figures we see that weighted
{1 minimization converges faster with smaller
number of measurements than unweighted /;
minimization; but also we see that Gaussian
sensing matrices have smaller approximation
errors than the expanders.
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Fig. 5. Relative errors in the ¢, ; norm for a fixed
s/m = 1.25 and varying m.
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Fig. 6. Relative errors in the ¢, ; norm for a fixed
m/N = 0.1625 and varying s.

= =
o o
IS [

Relative recovery error

=
o
>

\ S e e

®--e--o.

e

——1; Expander
—e—[; Gaussian
-» 1,1 Expander
-0 1,1 Gaussian

el

~e--6--o

—o =

0.1

0.15

0.2

0.25

0.3

0.35

0.4

m/N
0.15 0.2 /

. 0.25 0.3
m/N

Fig. 7. Relative errors in the ¢2 norm for a varying m

Fig. 4. Runtime comparisons. and fixed s/m = 1.25.
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IV. CONCLUSION

We give the first rigorous error guarantees for
weighted ¢; minimization with sparse measure-
ment matrices and weighted sparse signals. The
matrices are computationally efficient consider-
ing their fast application and low storage and
generation complexities. The derivation of these
error guarantees uses the weighted robust null
space property proposed for the more general
setting of weighted sparse recovery. We also de-
rived sampling rates for weighted sparse recov-
ery using these matrices. These sampling bounds
are linear in s and can be smaller than sampling
rates for standard sparse recovery depending on
the choice of weights.
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